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This study looks at the use of integrated mathematics and music lessons at the 
high school level.  Four lessons were taught by the researcher in both a research and a 
control class to determine how mathematically motivated music instruction affects 
students understanding of operations of functions, composition of functions, inverse 
functions and domain and range.  A pretest-posttest was used to determine the effect of 
these lessons and a questionnaire was used to identify differences between groups and to 
help determine the effect of musical applications of mathematics on students’ 
mathematical perceptions, self-efficacy and grit.  The pretest-posttest included both a 
standard mathematics section and a section involving non-musical applications.  A gain 
score approach using independent sample t tests was used to determine the impact of the 
integrated instruction. The research group demonstrated significantly greater gains both 
overall and on the applications portion of the exam.   Additional qualitative analysis was 
done to determine how the posttests differed between groups.  Three major differences 
were identified: the research group used function notation more frequently than the 
control group, the control group demonstrated confusion between composition of 
functions and inverse functions while the research group did not and the research group 
showed more mathematical work for the applications portion of the exam than the control 
group. Qualitative analysis was also done to identify trends in the questionnaire data. 
Among the major differences between groups was the increased willingness to work with 
mathematical applications in the future by the research group compared to the control 
group. The integrated instruction led to comparable and in some cases significantly better 
mathematics outcomes than the control group and led students to an increased willingness  
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Need for Study 
 
 
       Music participation has been shown to be beneficial for the brain, even from a young 
age. Researchers have identified differences in the brain associated with music training in 
students as young as four or five years old (Fujioka, Kalkigi, Pantev, Ross, & Trainor, 
2006). These differences include strengthening of the synapses between brain cells, 
increase in size of the corpus callosum, which connects the two hemispheres of the brain, 
and improved memory (Weinberger, 1998; Begley, 2000; Cox & Stephens, 2006). 
Research has shown that it is easier to memorize music than to memorize passages; 
people often remember or recognize hundreds of tunes but can generally only recall a few 
words from a prose passage (Begley, 2000). Not only does music provide neurological 
benefits, music is natural to humans and other species; infants and some primates 
understand musical concepts without instruction or conditioning (Weinberger, 1998; 
Begley, 2000). Music therapy has even been studied with Alzheimer’s patients to 
determine potential benefits to those experiencing memory loss due to this degenerative 
brain disease. Much of the research surrounding music therapy documents positive 
changes in behavior as well as improved performance on certain cognitive tasks such as 
category fluency tests which are directly related to memory. While some research has 
2 
 
been done, both the behavioral benefits and the cognitive benefits that music presents 
suggest the need to continue to study more uses of music in the mathematics classroom. 
       Previous research has shown a link between music study and mathematics ability 
(Hinton & Rauscher, 2006). In addition, prominent organizations for mathematics 
teaching and arts teaching emphasize this connection. The National Council of Teachers 
of Mathematics (NCTM) mentions in their standards the importance for students of all 
grades to be capable of applying mathematical concepts to other content areas (NCTM, 
2000); the National Coalition for Core Arts Standards (NCCAS) emphasize the need to 
connect arts to other disciplines (NCCAS, 2014). Given the importance placed on 
connections by both associations, teachers, properly trained, may be able to meet both 
sets of standards through what I will refer to as “mathematically motivated music 
instruction.” Mathematically motivated music instruction (MMMI), a term of my own 
invention, provides a natural and meaningful opportunity for students to work on problem 
solving through mathematical applications. This instruction will look at key elements of 
music theory based around serialism as a way to integrate mathematics; once students 
become familiar with the mathematics surrounding this type of music composition, the 
students will then apply the same ideas to Western, tonal music. 
       Problem solving is an important goal in mathematics classrooms (NCTM, 2000). 
Rather than traditional instruction, which typically reinforces mathematics anxiety by 
focusing on algorithms and correct answers, Lesh and Zawojewski (2003), for example, 
suggest incorporating the study of problem solving and mathematical learning. 
Integrating mathematics and music follows Lesh and Zawojewski’s suggestion while 
emphasizing problem solving. This may help alleviate some of the issues of mathematics 
3 
 
anxiety. Additionally, the benefits music has on the brain and on working memory may 
also help reduce mathematics related anxiety and improve other areas of mathematics 
affect. Studies have shown that music has the potential to improve working memory and 
that musicians may have better working memories than non-musicians (Holland, & 
Schmithorst, 2004). Additionally, Ashcraft and Kirk (2001) found a significant 
correlation between low working memory ability and high math anxiety. Music also has 
the potential to benefit other areas of mathematics affect based on its success improving 
mood and behavior when used in therapy.  
       Researchers have done a great deal already to investigate the relationship between 
mathematics and music (Ky, Rauscher, & Shaw, 1993) but more needs to be done with 
integrated instruction; looking at the simultaneous teaching of both music and 
mathematics concepts in the mathematics classroom and investigating the effect this has 
on mathematics performance. The original research done by Rauscher, Shaw and Ky 
(1993) only looked at the effects of music listening on spatial temporal reasoning. Later 
studies may have moved towards music study rather than music listening but these early 
studies still looked at a very narrow cognitive impact rather than looking at the effect of 
music study on more purely mathematical tasks. While the relationship between 
mathematics and music has been known and studied for thousands of years (Coxeter, 
1968), there is relatively little research involving teaching both mathematics and music 
concepts in a high school classroom. Thus far, the primary focus has been with younger 
children, on basic mathematical and musical elements introduced in preschool or 
elementary school (An, Capraro, & Ma, 2011); however, more research needs to be done 
investigating the use of integrated lessons with older children, at the high school level, 
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involving both higher level music concepts and mathematical topics. Also, the primary 
interventions have been music instruction, not explicitly linked to mathematics, or just 
listening to or performing music (Hinton & Rauscher, 2006); more needs to be done with 
developing and studying an integrated approach. One organization has put together some 
resources for integrating music with science and mathematics. Mathsciencemusic.org was 
the realization of Hancock’s goal to inspire mathematics and science learning through 
music – he saw the connection between the arts as a way to make learners passionate 
about challenging concepts through the study of music. However, while this resource 
exists, there still needs to be research done to determine the effect of implementing 
lessons like these. 
       Lastly, researchers have looked primarily at the resulting mathematical performance 
(An et al., 2011); however, less attention has been given to possible psychological 
benefits of integrated instruction. Music is an important part of education but it is 
frequently only offered as an elective course and is cut from many schools when budget 
issues arise (Cox & Stephens, 2006). Integrating music into the mathematics classroom 
might be one way to keep music in schools while potentially simultaneously benefiting 
mathematics performance. This said, however, music integration should not be used as a 
justification to remove pure music study from schools, it simply allows for the connection 
between mathematics and music to be studied to mutually enrich the learning process. 
 
Purpose of Study 
 
       There are two major components to the purpose of this study. First, this study aims to 
investigate the usefulness of teaching an integrated unit on mathematics and music at the 
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secondary school level. In particular, this will come in the form of mathematically 
motivated music instruction (MMMI) – which I define as music instruction in the 
mathematics classroom that will begin by looking at a mathematical idea that can be 
studied through engagement in meaningful music theory. In other words, MMMI is the 
study of music and music theory in a mathematics classroom, which has a direct 
connection to particular mathematical concepts; for this study, the MMMI are connected 
to the mathematical concepts of functions, operations of functions, domain and range, 
composition of functions and inverse functions. By determining if mathematically 
motivated music instruction improves mathematical understanding, the author attempts to 
investigate whether integrated instruction is at least comparable to pure mathematics 
instruction. Second, the other major focus of the study is to investigate the potential 
influence of integrated instruction on students’ mathematics anxiety, perceived ability 
and attitude towards mathematics. The goal will be to determine whether integrated 
instruction, where mathematics is presented in the context of an application rather than in 
the traditional means of pure mathematics followed by application, changes students’ 
mathematics affect. Here, affect is a term used to encompass non-cognitive ideas such as 




1. How does mathematically motivated music instruction in the high school mathematics 
classroom lead to an understanding of the related mathematical concepts? 
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2. How do students feel mathematically motivated music instruction provides the 
opportunity to problem solve and apply mathematical concepts in a way that changes 
their mathematics affect?  
 
Procedure of Study 
 
 
       In order to conduct the study, the author began by creating a series of lessons 
incorporating mathematics concepts with musical applications. These lessons were 
geared towards high school students that had previously completed an Algebra course 
and were enrolled in an Algebra II course. The author created these lessons based on 
experience gained from over twenty years of piano study, and having been a music major 
in college. The unit was taught during the typical unit on functions and covered concepts 
including but not limited to domain, range, injective, surjective and bijective functions, 
the mapping of discrete relations, inverse functions, and continuous functions, all of 
which are common topics in an Algebra II curriculum (e.g., see standards in CCSSM, 
2010). The unit took approximately one week to be both taught and assessed. The study 
was conducted in the middle of the school year when these topics are typically covered as 
a review and extension of Algebra I. As these topics were not all entirely new to Algebra 
II students, all students were given a pretest designed by the researcher to measure how 
much they remembered from Algebra I. An Algebra II class was selected for the study as 
they typically cover these topics all at once rather than throughout the school year. This is 
important because the music and music theory lessons draw on all of these related ideas. 
       These MMMI lessons were conducted with one class, while a control class was 
taught the purely mathematical concepts and applications. For the research group, 
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mathematical language was used even when the students were working on musical 
concepts. In order to keep as many factors common between the two groups of students, 
they were under the instruction of the same classroom teacher prior to the experiment, 
both class averages were compared to ensure that the groups were expected to perform 
approximately equally and both were instructed in either the integrated or the 
mathematical lessons by the author to ensure that a change in teaching style wasn’t 
responsible for any differences in understanding or affect. The author has four years of 
experience teaching Algebra II topics, three of which took place in the school where the 
research was conducted, providing a degree of experience around more typical instruction 
used in the control class. Typical instruction, as opposed to integrated instruction, will be 
defined as mathematics instruction that is not presented in the context of other content 
areas. It means presentation of a mathematical idea, followed by practice on the topic in 
either an individual or group setting and including word problems and applications. The 
integrated MMMI followed a similar structure but began with the presentation of a music 
concept, followed by a discussion of how it related to a mathematical topic and then 
individual or group practice on the concepts, and applications. There was no influence on 
the control group by the integrated lessons as the instruction was fundamentally different 
for each group. The control group received lessons created by the researcher that follow 
the Glencoe McGraw-Hill Algebra II Textbook, the same book used by the class prior to 
the research. Both classes practiced nonmusical applications of the mathematical 
concepts in class and for their homework throughout the study but the integrated group 
received additional music-themed homework problems to solve in order to reinforce the 
music content and prepare them for the following lesson.  
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       Both classes sat for the same two-part exam at the end of the study. The posttest was 
identical to the pretest so as to measure changes resulting from the lessons, and account 
for prior knowledge on these topics. The test was broken into two equally weighted parts: 
one that covered basic mathematical problems as would be expected on an Algebra II 
functions test and another that covered nonmusical applications of functions designed to 
test students’ problem-solving ability. The test did not contain any musical applications 
so as to avoid providing an unfair advantage to the research group and possibly skewing 
the results. Instead the applications were similar to those from common topics studied in 
class and the common parts of the homework assignments. Essentially, the first research 
question was answered based on a few quantitative analyses, as well as a qualitative 
analysis. For quantitative analyses, the between-group test results were compared using a 
gain score approach with independent sample t tests to determine whether the students 
receiving the integrated instruction fared at least as well as the students receiving the 
traditional instruction. The overall test scores were compared, as well as the performance 
on each separate part of the test to see if differences were found both in general as well as 
specific to problem solving skills. The students in the research group were divided into 
two subgroups based on their history of previous music study. After dividing the research 
group, independent sample t tests were used to determine the significance of the 
differences between these the musicians and non-musicians in the research group. 
Additional independent sample t tests were run to determine the impact of gender on the 
differences seen. The groups were not demographically diverse enough to justify looking 
for other demographic differences. For qualitative analyses, the posttests for each group 
were compared to identify general themes in the answers given in order to gain insight 
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into the particular ways in which the two different groups engaged in the problems, to 
explore potentially important trends in the data. 
       For the second part of the study, after the lessons were completed, both classes of 
students completed a questionnaire and were asked to reflect on differences in the lessons 
from their previous instruction and changes, if any, in their ability and attitude towards 
mathematics and mathematical applications. They were also asked to discuss their 
feelings regarding the integrated or traditional instruction as an approach to incorporating 
mathematical applications. These results were analyzed to determine whether or not 
students felt differently about mathematical applications related to the topic taught after 
receiving the integrated instruction and to determine if students experienced a change in 
their mathematics affect. In addition, students in the MMMI group were asked if they had 
any experience studying music. This question was used to break the research group up 











       In this chapter, the research is broken up into several main topics. First, I look at the 
relationship between mathematics and music from both a historical and fundamental 
standpoint. Then I present research primarily pertaining to my first research question. I 
will examine studies surrounding mathematics and music achievement, the use of music 
in the mathematics classroom, and other studies that explore the interaction of music and 
mathematics during instruction. Then I look at research related to the benefits of music to 
help justify the study and to help understand why music integration may improve affect 
and benefit students. I examine how our brains are primed for music, medical studies that 
document the specific effect music can have on the brain as well as on our behavior, both 
of which present important potential classroom benefits of music, the differences found 
the in brains of musicians vs. non-musicians, mathematics anxiety and affect including 
how the brains of musicians may relate to the brains of individuals with low mathematics 
anxiety. 
 
The Historical Connection Between Mathematics and Music 
 
 
       Historically there has been a connection drawn between music and mathematics 
(Coxeter, 1968). After acknowledging that this relationship tends to exist more in the 
direction from mathematics to music, Coxeter (1968) goes on to suggest that the 
connection may exist due to the similarities between composing music and discovering 
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mathematical facts; Coxeter writes, “both arts are essentially abstract, and both can be 
written down in a notation that is universally accepted. Moreover, both are absolutely 
precise” (p. 312). He argues that other arts such as painting or sculpture would not be 
fundamentally changed by a tiny alteration but that both music and mathematics face 
disastrous consequences by changes as minor as replacing a D flat with a D sharp in 
music or replacing a plus with a minus sign in mathematics (Coxeter, 1968). Both arts 
were aided greatly by the creation of their universal notation which, in both cases, came 
long after the discovery and the practice of the arts themselves. 
       Mazzola, Mannone and Pang (2016) document the historical origins of the 
relationship between mathematics and music. They discuss the Pythagorean school’s 
attempt to study the two arts. The Pythagorean school’s interest in the tetractys, a 
triangular symbol build from ten points, led to the sequence of ratios that created 
consonant (musically pleasing) intervals on the monochord, an experimental device 
created by Pythagoras (Mazzola et al., 2016). They write, “music was the physical 
expression of a cosmological principle (the tetractys) of mathematical nature. The idea of 
individual artistic expression in music was not part of the Pythagorean school” (pp. 6-7). 
It is particularly interesting that mathematics and music were tied together from such an 
early origin and that, while artistic expression eventually became important, it was not at 
the root of music theory. 
       Spengler (1926) claims that there are, in many cases, similar periods of development 
for both mathematics and music. He notes many cases where countries and time periods 
demonstrate concurrent development of these two subjects as far back as Ancient Greece. 
In addition to Pythagoras who is responsible for major developments in both mathematics 
12 
 
and music, there are many other major contributors to mathematics and music coinciding 
by nationality and time period (See Figure 1). 
 
Figure 1. Major composers and mathematicians throughout European history. 
 
       Perhaps the connections between mathematics and music were fueled by the many 
mathematicians who wrote and were interested in music. According to Bailhache (1997):  
   By the middle of the 1700s, at the time when the music known as classical 
acquires its letters of nobility with Bach (1685-1750), Handel (1685-1759), 
Rameau (1683-1764), Hayden (1732-1809), Mozart (1756-1791), etc., two 
particularly famous mathematicians Euler and d’Alembert, produce theories of 
music. This fact is obviously not the result of a ‘historical chance’. It represents 
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on the contrary the prolongation of one tradition. By the end of the previous 
century, several scientists had already become intrigued and put their attention on 
the same subject: Descartes (Compendium musicae), Galileo (end of 1st day of 
Discorsi), Mersenne (the enormous work of the Universal Harmony), Leibniz ‘as 
an amateur’. (para. 1) 
 
       Euler wrote his theory on music, the Tentamen Novae Theoriae Musicae (Calinger, 
1996) and while it didn’t receive much attention it was an interest that Euler maintained 
through his mathematical career. While Euler was Swiss and Bach was German, they 
consider many similar ideas relating to difficulties of tuning that preserves small ratios 
but deals with the natural consequences of dividing the frequencies among the twelve 
tones (Calinger, 1996). 
       Bach likely crossed paths with Leibniz while they were both in the court of Celle in 
1701 (Shavin, 2000). Leibniz had a direct impact on Bach as “Bach was perhaps the most 
prolific proponent of G.W. Leibniz’s method, both of problem-solving, and of organizing 
the powerful instrument of the mind” (Shavin, 2000, p. 60). The interactions between 
mathematicians and musicians as well as the overlapping interests between them helped 
strengthen the connections between the arts throughout history. 
       Coxeter (1968) goes on to draw parallels between mathematical proofs and musical 
composition, citing mathematician G. H. Hardy, stating: 
   In describing the essential attributes of ‘real mathematics’ he writes, ‘there is a 
very high degree of unexpectedness combined with inevitably and economy ... A 
mathematical proof should resemble a simple and clear-cut constellation, not a 
scattered cluster in the Milky Way.’ Similar words might well be used as advice 
to composers, with ‘mathematical proof’ replaced by ‘piece of music’. (p. 314) 
  
Coxeter (1968) makes an interesting claim regarding the two subjects, acknowledging the 
aversion many have towards mathematics; a feeling often acquired from childhood 
experiences. He writes that this feeling is not necessarily something inherent in 
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mathematics but could be explained by concluding that “teachers of music have managed 
to do a better job than teachers of mathematics” (p. 315). This claim makes some sense 
after considering the preparation in mathematics required of most elementary school 
teachers, who may be required to teach the subject despite their own potential fear, 
dislike or difficulty with the subject. On the contrary, elementary music teachers receive 
much more specific training in their subject. Our education system doesn’t require non-
musicians to teach music but continues to require non-mathematicians to teach 
elementary mathematics. While these negative feelings may stem from early childhood 
experiences, they often continue and are intensified at the secondary level where, while 
mathematics teachers are better trained in their subject than elementary school 
mathematics teachers, music is often a specialist elective course while mathematics is 
still required for most students. 
 
The Fundamental Connection that Exists Between the Two Arts 
 
 
       Mathematics and music are related in several ways on the most fundamental level. 
There is a strong connection between the frequency of pitches, their ratios, and what we 
find pleasing, and common in music. There is also a connection between Euclidean 
constructions for regular polygons and consonant (pleasing and agreeable) intervals. 
Additionally, there is a more recently recognized and employed connection that utilizes 







Frequency and Ratios 
 
       One connection that has been found is that the most pleasing intervals, from a 
Western, tonal perspective, have simple ratios. That is, the frequency of the physical 
tones, when divided, tend to reduce to simpler numbers than less pleasant intervals. For 
example, an octave from A4 to A5 can be represented as a change from a frequency of 
440 Hz to 880 Hz. The ratio 1:2 represents every octave in music. Similarly, a perfect 
fifth from C4 to G4 starts at 261.63 Hz and goes to 392 Hz; this, and every other perfect 
fifth, reduces to approximately a 2:3 ratio. On the contrary, a tritone, a note so unpleasant 
it has historically been called the devil’s interval (Begley 2000) and was banned in the 
Renaissance, has a ratio of 261.63:369.99 which can be simplified only to 2907:4111. 
Something about the physical relationship between the frequencies with lower ratios 
causes more pleasing sounds, tying Western music intrinsically to mathematics. Begley 
(2000) found that even infants demonstrate a strong preference for perfect fourths and 
perfect fifths but hate the tritone. According to Jeans (1937), “it is found to be a quite 
general law that two tones sound well together when the ratio of their frequencies can be 
expressed by the use of small numbers, and the smaller the numbers the better is the 
consonance” (p. 154). Pythagoras is thought to be the first to question why this 
relationship exists (Jeans, 1937).  
 
Euclidean Constructions and Consonant Intervals 
 
       A second connection that naturally links music to mathematics is in the connection 
between intervals found pleasing and regular polygons. Euclidean constructions with a 
straight-edge and compass originally allowed for the creation of regular polygons with 3, 
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4, 5, 6, 8, 10, and 12 sides and more recently it has been discovered that there are 
constructions for regular polygons with 15 and 17 sides. These all correspond to the most 
pleasant musical intervals, 3rds, 4ths 5ths etc. and even 15ths and 17ths are relatively 
pleasant; more dissonant intervals such as 2nds 7ths and 9ths interestingly have no 
Euclidean counterpart (Coxeter, 1968). This seems to suggest that the rule of small 
numbers (in music) may in fact be a rule of cyclotomic numbers (from mathematics) 
(Coxeter, 1968). 
 
Number Theory, Composition, and Analysis 
 
       A third link between mathematics and music comes up in more modern composition 
where mathematics plays a more obvious role. Twelve-tone composition, a technique 
invented and employed by Schoenberg, among others, required the composer to create a 
tone row; that is, to take the numbers zero through 11 and organize them using each tone 
once, and only once. As Coxeter (1968) notes, this yields twelve-factorial possible tunes 
before allowing for variations of rhythm, leading to important connections to probability 
when analyzing and composing music in this style. The resulting row is then translated 
and inverted, creating a 12 by 12 matrix, working with modular arithmetic to keep the 
numbers all still between zero and 11. In the case of 12-tone composition in 
Schoenberg’s style, mathematics isn’t just related to music, it is a necessary tool for its 
composition. Whatever row the composer decides to use from the matrix then guides the 
composition of the piece. 
       Nisbet (1991) acknowledges the importance of the connection between mathematics 
and music in education. According to Nisbet (1991), “the written form of a melody (in 
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any scale) is virtually a graph of pitch versus time, with variations of pitch shown 
vertically and time being represented on the horizontal axis. The vertical axis represents a 
logarithmic function of the frequency of the notes” (p. 5). He argues that in some ways, 
the ability to read music and to understand a mathematical graph are the same in that they 
both require the reader to compare changes in one quantity in relation to changes in a 
second quantity. He goes on to suggest the existence of cognitive skills that are common 
to reading both a musical score and a graph; he states that there is likely transfer of 
learning from one skill to the other (Nisbet, 1991). When discussing the role of transfer 
from arts to other content areas, Burton, Horowitz and Abeles (2000) suggest that 
“perceptions of transfer may well be, in part, a function of the degree to which different 
disciplines share certain cognitive elements, dispositions, or ways of thinking” (p. 228). 
After cautioning against the assumption that all improvement is due to transfer, Burton et 
al. (2000) write, “this hardly rules out the existence of some sort of effect implicating arts 
learning in learning in other subject domains” (pp. 228-229). After conducting their study 
to determine the impact of arts study relating to transfer, Burton et al. (2006) write that 
their results suggest a relationship between arts learning and leaning in other disciplines. 
While it is unclear still if transfer is the cause of this relationship the findings suggest the 
“associations among a constellation of cognitive elements and dispositions, and exposure 
to arts learning” (pp. 252-253). Clearly, some link between arts learning and mathematics 
learning exists on a cognitive level. 
       In addition to the use of numbers to create music, musicians and theorist can also 
work backwards through the mapping to assign numerical values to the notes within a 
composition. These values can be used to find the distance between notes that then allows 
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a musician to analyze the musical relationships between different notes. For example, C, 
E and G map to 0, 4 and 7 while D, F♯ and A map to 2, 6 and 9. While these result in 
different tones they would sound quite similar and if just one set was played it would be 
indistinguishable from the another without any additional notes to relate the chord to. 
This comes from the fact that both represent a major chord which comes from any set of 
notes (or numbers) that preserves this particular set of distances between notes. 
Tymoczko (2006) investigates this idea from the perspective of counterpoint, harmony 
and voice leading. He goes further to look at what he calls the geometry of musical 
chords identifying several types of symmetry within chords. These symmetries are then 
related to potential voice leadings as he writes, “in many Western styles, it is desirable to 
find efficient, independent voice leading between transpositionally or inversionally 
related chords” (p. 73). Tymoczko (2006) goes on to discuss how these voice leadings 
relate to each type of symmetry between chords. 
       Both mathematics and music have an internal hierarchy that defines their content. In 
mathematics, we follow a set order of operations that governs our calculations; these are 
not an arbitrary order, rather they come from the nature of mathematics itself. Similarly, 
in music there is a natural hierarchy in both the pitches of the scale and in the beats 
within a measure. Nisbet (1991) demonstrates several ways that music can be found in 
mathematics, asserting, “musical elements, melody and harmony, can be found in 
mathematical systems, through the existence of horizontal and vertical relationships” (p. 
7). Additionally, Nisbet claims that mathematical examples “give credence to the 
quotation that mathematics is music for the mind” (p. 7). 
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       Nisbet (1991) acknowledges the correspondence that can be created between a 
melody and a finite set of numbers; once a set is determined, each note can be assigned a 
number and any composition can be translated into numbers. He notes that working with 
modular arithmetic can allow us not only to represent music numerically, but to begin 
with mathematics and use it to create music. While this isn’t different from Schoenberg’s 
twelve-tone method, Nisbet suggests working modulo seven as opposed to modulo 12 to 
allow for the creation of melodies all within one scale. Nisbet (1991) concludes by 
suggesting, “the noted German mathematician Gottfried Wilhelm Leibniz (1646-1716) 
may have had greater insight into the relationship between mathematics and music when 
he wrote: ‘music is the calculation which the soul makes unconsciously in secret’” (p. 8). 
       As another example, rhythm and time signature have obvious and natural 
connections to mathematics. Time signature, read similar to a fraction, defines the length 
of a measure (in terms of the number of beats) over the type of note that defines a unit of 
one. For example, 6-8 time-signature calls for six eighth notes per measure (or their 
equivalent value composed from other notes such as one quarter note and four eighth 
notes). Reading a time signature properly involves understanding all the combinations of 
different notes, which are sort of like the part to whole fraction combinations that can 
make up a measure. There is certainly more involved with time signatures than fractions 
such as the underlying hierarchy of beats for each time signature. Despite this, there are 
certainly links between them that often get studied at the elementary level. 
       One particular type of composition that has strong mathematical ties is the fugue. In 
fugues, the main theme comes back, typically on a different starting note; the 
relationships between the individual notes may remain constant, such as major thirds or 
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perfect fifths etc. but the overall tune has been translated to a different starting point. 
Take, for example, Bach’s French Suite BWV 816, 7th movement; this piece exemplifies 
fugal themes that continue to enter on different notes. This movement parallels the 
geometrical transformation of translation where all distances are preserved and the 
fundamental structure has remained the same but has simply shifted to a different 
location. Such a musical transformation clearly parallels the mathematical 
transformational equivalent of translation, altering points while preserving distances. 
Bach would sometimes invert a theme, leading to the equivalent of a reflection, another 
mathematical transformation that alters location but not distance (Coxeter, 1968). Coxeter 
writes that Bach’s Wedge Fugue even exemplifies the geometrical idea of a dilative 
reflection. 
 
Mathematics and Music Studies 
 
 
       In this section I will consider several types of studies. The link between mathematics 
and music has been investigated both inside and beyond formal school classroom 
contexts. Some research which did not involve any changes to the mathematics classroom 
looks at the relationship between music participation and academic performance. The 
research in this category includes studies done from the elementary to the high school 
level and looks at general music participation as well as specific keyboard instruction. 
Other research considers the use of music in a mathematics class but not necessarily in an 
integrated way; rather the music is used as a supplement to the mathematics instruction. 
       Many of the studies surrounding mathematics and music take place in the elementary 
school classroom; there is significantly less research about music and mathematics at the 
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high school level (Cox & Stephens, 2006). Bahr and Christensen (2000) discovered that 
in order for music students to experience the benefits of music study on their 
mathematical performance, the structure of the music and mathematical tasks needed to 
be similar. This may explain why there are fewer studies at the higher level. As the 
structure of the mathematics studied increases, the structure of the accompanying music 




       Many studies have looked at the academic performance of students who study music. 
Some have looked specifically at mathematics achievement while others have looked at 
overall academic achievement. Students with just music performance and students with 
both music performance and appreciation have demonstrated higher scores on the 
mathematics portion of the Scholastic Aptitude Test than those students without any 
music participation (Cox & Stephens, 2006). Some studies have been contested because 
they haven’t completely controlled for the influence of additional variables, thus making 
the need to study the link between mathematics and music stronger. 
       Robitaille and O’Neal (1981) studied fifth grade students from all 75 of 
Albuquerque’s elementary schools. They looked at students that had participated in either 
band or orchestra and compared their performance to the overall performance on the 
Comprehensive Tests of Basic Skills for two separate years, 1979 and 1980. In both 
cases, the music students outperformed their peers in all categories of the test. 
Additionally, Robitaille and O’Neal (1981) found that the more time students spent 
participating in music, the bigger the effect. Students who participated in two or more 
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years of orchestra or band consistently outperformed students that had only participated 
for one year. Studies have also looked at the impact of music participation for high school 
students on their overall GPA (McCarthy, 1992; Mickela, 1990). Both studies found that 
the GPA of students with music participation was significantly higher than those without. 
Additionally, Mickela (1990) found that 16% of music students had a 4.0 GPA compared 
to only 5% of non-music students. Studies like these present interesting findings but do 
not determine the cause of the improvement. Critics have suggested that the increased 
academic performance results from a secondary factor – students who electively take 
music may be more academically or mathematically inclined to begin with. This is 
certainly a valid argument and makes it necessary to study integration with both 
musicians and non-musicians to determine if the results are linked more to the music or 
to the musician. 
       Begley (2000) mentions the study conducted by Shaw which compared groups of 
second graders. One group received piano lessons and practice with a mathematics video 
game, a second group received extra English lessons along with the mathematics video 
game and the third group didn’t receive any special instruction. The piano instruction 
students outperformed other students by 15 to 41 percent on a test of ratios and fractions 
after four months of intervention. Shaw then went on to complete a similar study where 
he provided Los Angeles inner-city second graders with twice weekly piano instruction. 
A year later, the second grades scored as well as fourth graders from a more affluent part 
of Orange County; half even scored as well as fifth graders from the wealthier area. 
While some of the effects have been attributed to the positive impact music has on 
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students’ mood, the impact of music study on mathematics performance is more 
pronounced than music’s impact on other academic work. 
       Rauscher et al. (1993) wrote one of the foundational papers linking music and 
mathematics, specifically spatial reasoning. They had college students listen to either a 
Mozart Sonata, verbal relaxation instructions or silence before performing a spatial-
reasoning test. They found that for 15 minutes after listening, the group that had listened 
to the Mozart Sonata temporarily performed better on spatial reasoning tasks. The effect, 
sometimes referred to as the Mozart effect, suggested that listening to classical music led 
to a temporary change in the brain’s ability to handle certain tasks. While the Mozart 
effect can be attributed to the effect music has on our behavior and emotions, Rauscher et 
al. (1997) continued to study the effects of music on spatial reasoning. Unlike the original 
study, Rauscher et al. (1997) had students study piano rather than just listen to music. 
They divided participants into three groups for their study: one group received private 
piano lessons, a second group received private computer lessons and the third group 
received other controls. Only the keyboard group demonstrated a statistically significant 
improvement on the spatial-temporal test administered before and after the training. 
Perhaps of greater importance is that in this case, unlike the original Rauscher study, the 
effects were able to last long term. While music listening had only a short-term effect that 
was eventually attributed to attitude and mood changes, a more active engagement in the 
study of music may be the key to more long-term benefits. 
       Duke (2000) offers his view of the relative insignificance of the original Mozart 
Effect and instead discusses more generally observed benefits of music study. He 
cautions against putting too much emphasis on slight improvements, even if they are 
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statistically significant, rather than looking at the visible impact of music study that isn’t 
necessarily measurable. Duke also highlights the fact that there is only a correlation 
between music study and improved test scores, not a causal relationship. He suggests, as 
have others, that students who electively take music classes or participate in music 
ensembles may be more academic than those who don’t. With this dismissal of the 
original Mozart Effect, Duke’s argument becomes stronger, favoring the other effects of 
music study. Undoubtedly, the study of music has benefits beyond those that can be 
measured on tests and while integrating music into a mathematics classroom may provide 
mathematical benefits, it certainly cannot replace music instruction and performance. 
 
The Use of Music in the Mathematics Classroom 
 
       An, Tillman, Boren, and Wang (2014) used music-mathematics integrated lessons in 
an elementary class to determine that such lessons can improve students’ disposition 
towards mathematics in a statistically significant way. According to An et al. (2014): 
   Researchers studying mathematics pedagogy have identified numerous 
drawbacks to the traditional instructional methods and curriculum employed to 
teach students mathematics in the United States, including students generally 
exhibiting low mathematics achievement while often developing mathematics-
related anxiety. (p. 1) 
  
       An et. al. (2014) note that strategies to help implement NCTM’s Equity Principle, 
which aims to make mathematics more accessible to all learners, include “developing 
students conceptual understanding through the use of problem-solving activities, 
challenging game-themed activities and using models and simulations to encourage 
discovery” (p. 1). Such activities could have a positive impact on students’ disposition 
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towards mathematics and integrating music into mathematics lessons is a natural way to 
achieve this. (An et. al., 2014) 
       Studies conducted over the last twenty years have “provided empirical evidence that 
music has the potential to improve students’ mathematics achievement and attitudes” (An 
et al., 2014, p. 2). Many students develop negative mathematics dispositions as early as 
elementary school as a result of teachers’ focus on procedural fluency and strategic 
competence without focusing on development of positive mathematics dispositions; 
students with negative mathematics dispositions have been found to have higher levels of 
mathematics anxiety and lower confidence and motivation to learn (An et al., 2014). An 
interdisciplinary approach to mathematics has been shown to develop students’ 
dispositions towards mathematics, while also improving their content knowledge (An et 
al., 2014). “Teaching mathematics integrated with music not only improves students’ 
attitudes towards learning mathematics… but also increases students’ mathematical 
achievement” (An et al., 2014, p. 3). Music can help students develop mathematical 
understanding because it can cause students to have “diverse cognitive and affective 
experiences” (An et al., 2014, p. 3). Learning mathematics through interdisciplinary work 
with music can help students succeed in mathematics and transfer their knowledge to 
other content areas as well as increase their motivation to learn mathematics (An et al., 
2014). 
       According to An et al., (2014), many of the studies conducted about the use of music 
as a tool for teaching mathematics have had positive results but were conducted in either 
a laboratory or an informal setting; fewer studies have researched this topic in a formal 
classroom setting. It is also important for studies to include music for the sake of music, 
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not purely as a tool to facilitate mathematics learning. Integration allows for a more 
natural study of music and the relationship between the two arts. An et al. (2014) 
examined two third-grade classrooms to determine the effect of music-mathematics 
integrated lessons on students’ dispositions towards mathematics. Each class was taught 
by a different teacher and the teachers received some professional development on 
integrating music into mathematics classrooms but were responsible for creating their 
own lessons (An et al., 2014). An et al. (2014) found a statistically significant change 
from the pretest to the posttest in the dispositions students had towards mathematics after 
receiving music-mathematics integrated lessons. 
       An et al. (2014) differed from previous studies because earlier studies hadn’t been 
centered around classroom learning. Other studies had looked either at music listening or 
the study of a musical instrument to determine the effects this had on student’s 
mathematics dispositions. An et al. (2014) write “rather than treating music and music 
related activities as an external stimulation for students’ learning of mathematics, the 
current study combined music as a part of a mathematics teaching and learning 
component” (p. 11). An et al. (2014) opens the way for MMMI by using a similar 
approach, studying mathematics and music integration in the classroom but their study is 
limited to the elementary school curriculum. At all levels, there is a need for more 
research into the integration of mathematics and music together. 
       An, Tillman and Paez (2015) further the argument from An et al. (2014) that while 
there has been fairly significant research on the relationship between mathematics and 
music, much of the research has focused on the impact of music study in mathematics or 
the impact of mathematical study on music. There is still a need to study the impact of 
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music “as a context for classroom educational activities that help students conceptually 
understand mathematics” (An et al., 2015, p. 10). 
       From the many studies researching the effect one art has on the other we have found 
that music has the ability to stimulate the same part of the brain used for mathematical 
reasoning (Ky, Rauscher, & Shaw, 1995). Spelke (2008) demonstrated that intense music 
study improved students’ performance with certain geometric skills due to their cognitive 
similarities. More interestingly, Spelke (2008) notes that the relationship between 
mathematics and music is unique, demonstrating that the mathematical improvement 
found in music students was not found in students who had equal training in other arts. 
       Lessons that integrate mathematics and music provide students with an opportunity 
to analyze mathematics and understand mathematical concepts in a meaningful context 
(An, et al., 2015). Furthermore, 
   Interdisciplinary activities that integrate mathematics education into engaging 
contexts such as music provide an opportunity for students to understand and 
apply mathematical knowledge in a meaningful environment, and have been 
shown to facilitate students’ learning of mathematics. (An et al., 2014, pp. 1-2) 
  
In order to achieve results, it has been suggested that professional development in 
mathematics and music integrated instruction can provide teachers tools that could 
improve their teaching and move towards closing the mathematics achievement gap (An, 
et al., 2015). 
 
Integrated Instruction Studies 
 
 
       According to Malik and Malik (2011), integrated instruction is “the organization of 
teaching matter to interrelate or unify subjects frequently taught in separate academic 
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courses or departments” (p. 99). The definition presented by Becker and Park (2011) 
offered a definition specific to science, technology, engineering and mathematics 
(STEM) classrooms. They suggest that integrative instruction in the STEM classrooms 
utilized approaches that either linked two STEM fields together through teaching and 
learning or linked STEM to another non-STEM school subject. According to Costly 
(2015), “an integrated curriculum allows students the opportunity to notice meaning and 
purpose in the material” (p. 2). 
       There have been several different types of studies involving mathematics and music 
(See Figure 2). This figure documents the various ways researchers have looked at 
mathematics and music, including integration as is done in this study. Unlike other 
studies which look at the impact of music study on mathematics, the effects music study 
has on GPA compared to students without music training, or the use of music study 
without looking at the connection to mathematics ideas, integration simultaneously 
connects mathematics and music concepts – focusing on the ideas they share. While there 
have been some integrated studies involving mathematics and music, this study is 
different not only because it takes place at a high mathematical level but also because the 
students were able to look at specific elements of music theory that are more advanced 
than those seen in elementary studies. Many of the integrated topics for this study 
revolved around composition and structure of the fugue – a musical work that embodies 




Figure 2. The structure of various mathematics and music studies. 
 
       Bolak, Bialach, and Dunphy (2005) designed a curriculum that incorporated many 
different arts into two sixth-grade classes. They looked at the use of music, dance, art, 
and drama in several different classes including not only mathematics but also language 
arts, social studies and science. At the end of the integrated unit Bolak et al. (2005) found 
a 15 percent increase in reading scores and an 18 percent increase in mathematics scores 
on standardized tests. Additionally, the researchers reported an increase in students’ 
socialization skills as well as an increase in children’s interest in school as reported by 
the parents. 
       Campbell and Henning (2010) conducted an interesting study on the use of 
integrated instruction on preparing preservice elementary school teachers to design, 
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implement and assess integrated instruction in the elementary school classroom. Both an 
integrated section and a control section of the college course were taught. Campbell and 
Henning (2010) found that teachers receiving instruction that integrated social studies 
and assessment methods outperformed the control group who took these as separate 
courses. 
       Guthrie, Wigfield and VonSecker (2000) looked at the effect of integrated instruction 
on intrinsic and extrinsic motivation. They compared two groups of students: one group 
received an instructional intervention that was designed to increase intrinsic motivation 
while a second group received traditional instruction. The students came from several 
elementary school classrooms and those that received the intervention studied reading 
and language arts skills integrated with science inquiry. Content objectives were kept 
consistent between the research and control group. At the end of the study, Guthrie et al. 
(2000) found that the group receiving integrated instruction not only outperformed the 
control group in motivation, curiosity and strategy use but also demonstrated differences 
in recognition and competition. 
       Drake and Reid (2018) looked at the use of integrated curriculum to teach twenty-
first century skills. These skills which are being heavily influenced by technology and 
globalization, focus on communication, creativity and critical thinking as they relate to 
our changing world. Drake and Reid (2018) offer integrated curriculum as a way to 
effectively address these skills in any classroom. They argue that integrated instruction 
has proven effective over many studies from the past century. The global success of 
integrated instruction is not limited to grade level or specific content areas. It has been 
shown to improve both academic performance as well as general affect. Integration can 
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increase motivation, engagement and even improve attendance and students’ attitudes 
towards school (Drake & Reid, 2018). The fact that students cite integrated curriculum as 
a cause for increased confidence may even suggest that integration can lead to a decrease 
in anxiety. Integration of socio-academic learning can lead to improved academic scores 
and integrated curriculum can lead to deeper learning (Drake & Reid, 2018). Deeper 
learning is defined as “the shift from surface learning and covering content to 
understanding a topic in depth with the student taking the lead in his or her learning” 
(Fullan, 2013, p. 3). The value of integration and the many places it can benefit student 
learning and affect demands the need for further research at all levels and across all 
subject areas. 
 
Integrated Music Instruction 
       As mentioned, there are a variety of approaches that one might take into coordinating 
music and mathematics. One might use the study of music, separately, as a means to 
reinforce mathematics, but without being explicit about such connections. Or, in the 
study of music, one might explicitly make connections to some of the mathematics ideas. 
However, in this organization, the mathematics ideas are simply reinforced from the 
applications – but in ways that are organized solely around the development of musical 
concepts as they are taking place in the music classroom. Alternately, one might study 
mathematics, separately, as a means to reinforce music, but without being explicit about 
such connections. Or, in the study of mathematics, one might make connections to some 
music ideas where relevant. Again, however, in this organization, the musical ideas 
simply serve to reinforce the mathematics when applicable. An integrated instructional 
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approach would allow for the simultaneous study of both meaningful mathematics and 
music concepts that directly relate and are being studied because of their relationship. 
The integration serves as the core of the instruction rather than as a supplement. This 
coordination between the development of musical and mathematical concepts would 
present students with the opportunity to have a deeper understanding of how mathematics 
can apply, be used with, and even derive from other content areas. Due to the 
documented success of integrated instruction there is a greater need integrate music into 
the mathematics classroom at the secondary level. Since I am exploring such an approach 
in a mathematics classroom, I call my approach mathematically motivated music 
instruction (MMMI). In this study, I explore this approach in a high school mathematics 
classroom, because studies of such approaches are more common in elementary settings 
than in secondary ones; the content to be connected between the two is more advanced. 
 
 
Music and the Brain 
 
 
       It is often debated whether our preference for certain kinds of music is cultural or 
biological, what is not debated is that our brains seem to be pre-programmed for music; 
this natural predisposition for music presents interesting opportunities for teachers to 
employ this preexisting appreciation to further student learning. Much of the research 
regarding music and the brain is more medical than educational. However, the 
educational benefits that can come from a better understanding of our brains, how they 
can grow, and where music has an ability to fill in the gaps experienced by individuals 
with mathematics anxiety, make these studies extremely important. As there have been 
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some studies suggesting that individuals with high mathematics anxiety have low 
working memory ability and other studies have suggested that musicians have better 
working memories than non-musicians, there are potentially major implications of 
training students as musicians. 
 
Our Neurological Predisposition for Music 
 
       Western music frequently employs the major and minor scales while non-Western 
music may employ the pentatonic or other scales which, as we age, certainly contributes 
to cultural preferences (Graue, 2017). However, Begley (2000) did demonstrate that our 
preference for consonance over dissonance seems to be something we are born with. Our 
expectations for the scales and music we experience regularly are tied to our musical 
preferences; violating these expectations often results in a dislike for different musical 
styles. Even in the earlier study by Rauscher et al. (1995) where they continued their 
earlier research on what was called the “Mozart effect,” not the “music effect”, it wasn’t 
just music that led to enhanced performance, it was classical music – the group that 
listened to minimalist music by Philip Glass did not experience any improvement. While 
this suggests a more cultural appreciation for music rather than biological, the fact that 
there is a preference at all is what matters. 
       Research suggests that the brain is primed for music. According to Begley (2000), 
“the temporal lobes of the brain, just behind the ears, act as the music center. When 
neurosurgeons tickle these regions with a probe, patients have been known to hear tunes 
so vividly that they ask, ‘Why is there a phonograph in the operating room?’” (para. 3). 
Epileptic seizures tend to start in the temporal lobes and some patients with epilepsy 
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experience seizures when they hear certain types of music. Begley (2000) writes, “the 
seizures are style-dependent. In one patient only salsa triggers seizures; in another, only 
classical does; in others, only operatic arias or pop tunes do.” (para. 3). Our brains seem 
to have an understanding of music, whether it is something we are born with or 
something that develops as we grow and interact with the music of our culture, it is not 
something that necessarily requires training. Our brains’ predisposition towards music 
makes it something worth bringing into the classroom. 
 
The Benefits of Music Therapy and the Effect of Music on Alzheimer’s Patients 
 
       Music therapy has been used with many diseases but was initially used by Mesmer, a 
medical student of Freud, to treat patients with dementia (Humphrey, 2000). Various 
studies have demonstrated many positive effects including improved cerebral 
functioning, positive effect on behavior and mood (Humphrey, 2000; Dassa, Granot, Hai, 
Haimov, & Ziv, 2007; Bannan & Montgomery-Smith, 2008) 
       Fornazzari et al. (2006) studied the progression of Alzheimer’s disease with a 
professional pianist. Despite the progression of the disease, even a year after onset, their 
subject was able to recall music previously known. Thompson, Moulin, Hayre, and Jones 
(2005) studied healthy adults and Alzheimer’s patients to compare their results on a 
category fluency test in both a silent control condition and a music condition. A category 
fluency test requires patients to recall as many elements of a given category in a set 
period of time. Alzheimer’s patients, as well as healthy adults, performed better on 
category fluency tests when they were listening to music (Thompson et al., 2005). The 
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positive response for both groups strengthens the argument that music can lead to 
positive behavior and better mood. 
       While Halpern and O’Connor (2000) demonstrated that Alzheimer’s patients didn’t 
recall melodies nor did they exhibit the exposure effect when presented with melodies 
they had previously heard, this conflicts with the findings of Fornazzari et al. (2006), 
which demonstrated that a professional pianist with Alzheimer’s disease was able to 
recall previously studied compositions. This conflict actually supports the idea that the 
brains of musicians may be fundamentally different from the brains of non-musicians in a 
way powerful enough to be affected differently by a degenerative brain disease such as 
Alzheimer’s disease. 
 
The Brains of Musicians and Non-musicians 
 
       Schmithorst and Holland (2004) conducted a study to try and determine the kinds of 
differences that may exist between the brains of musicians and the brains of non-
musicians while performing mathematical tasks. They based their research on evidence 
from previous studies, both behavioral and neuroimaging, and “hypothesized that formal 
musical training through the developmental period would affect the neural correlates of 
math processing” (p. 1). They looked at 15 adults, seven of which were categorized as 
musicians based on continuous study of either a musical instrument or voice that began 
prior to age eight and proceeded through adolescence. All the participants were presented 
with simple addition and subtraction problems of fractions with unlike denominators. The 
subjects were told to mentally solve each problem but were not asked to speak their 
results as the researchers wanted to control motion artifacts. The tests were performed 
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with the subjects using functional magnetic resonance imaging (fMRI). Schmithorst and 
Holland (2004) found differences is the areas of the brain activated by the given task for 
the musicians and the non-musicians. They found significantly more activation “in 
regions including the left fusiform gyrus and left prefrontal cortex for musicians; and the 
right inferior occipital gyrus, left medial occipital gyrus, right orbital gyrus, and left 
inferior parietal lobule for non-musicians” (p. 2). The researchers determined the results 
were likely associated with an increased ability to process shape information and better 
visual perceptual semantic processing that came from years working with musical 
notation. They claimed this also accounted for the decreased activity in the visual 
association regions of the brain. They offered a possible explanation that musicians 
employed a more abstract visual form, particularly for representations of fractions. 
       One interesting result of the study conducted by Schmithorst and Holland (2004) 
offers a neurological explanation for the frequently questioned link between mathematics 
and music. They suggest that musical training may lead to improved mathematics 
performance because it is associated with improved performance of semantic working 
memory related to conflict resolution. Participants presented with incorrect equations and 
correct equations must maintain results in working memory while resolving the conflict 
between the incorrect equation they have been presented with and the correct equation. 
Schmithorst and Holland (2004) suggest that this may come from a musician’s need to 
constantly and immediately correct conflicts that arise in musical performance whether it 
be correcting a wrong note in practice, adjusting intonation in an ensemble, or 




Music, Mathematics, and Affect 
 
 
       With the effects that music can have on behavior and mood and the implications that 
music may have an impact on working memory, it seems natural to investigate how 
music may affect students’ feelings about mathematics and to consider the impact music 
could have for students with math anxiety. Math anxiety, originally called number 
anxiety, has been a topic of interest since at least the late 1950s (Dowker, Looi, & Sarkar, 
2016). 
 
Affect and Attitude Towards Mathematics 
 
       There are global differences on affect that are as large as the global differences on 
achievement (McLeod, 1992) making it particularly important for further study both on 
its own and as it relates to achievement. McLeod (1992) brought affect back into 
conversations around mathematics education. He defined the affective domain as “a wide 
range of beliefs, feelings, and moods that are generally regarded as going beyond the 
domain of cognition” (p. 576). Affect is a broad term used to cover beliefs, attitudes, and 
emotions which are themselves broad terms covering ideas of anxiety, confidence, 
frustration, and satisfaction to name a few. Support for MMMI of other types of 
integration as a way to improve affect comes from the claim that negative attitudes 
develop based on previous experiences (McLeod, 1992); since MMMI provide 
instruction in a way that is fundamentally different from student’s previous experiences 
perhaps it will lead students to have more positive attitudes towards the content. 
Additionally, Thompson (1984) writes about the importance of a teacher’s personal 
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beliefs about mathematics and how this influences instructional practices. Belbase (2013) 
then writes:  
   If a teacher believes that mathematics is an integrated whole, a study of 
structures and the relationships among different things, and study methods and 
one’s understanding of the world then the goal of teaching mathematics may 
change. Now the teacher helps students develop the skills they can use to solve 
mathematical, non-mathematical, and non-routine problems. (p. 235) 
 
As stated by Lesh and Zawojewski (2003) this type of presentation may help alleviate 
mathematics anxiety by moving away from traditional instruction that is lecture based, 
procedural and rigid. McLeod (1992) writes “informal observations support the view that 
affect plays a significant role in mathematics learning and instruction” (p. 575). McLeod 
(1992) goes on to stress the importance of integrating the issues of affect in mathematics 
into studies on cognition and instruction. As the MMMI created for this study are 
designed to avoid an algorithmic, lecture-based approach they naturally present the 
opportunity to investigate mathematical affect as well. 
 
Causes and Consequences of Mathematics Anxiety 
 
       There are many reports that mathematics anxiety can have a negative impact on 
mathematics performance (Hembree, 1990); individuals with high mathematics anxiety 
are less likely to take mathematics courses, and even when they do, they score lower and 
“demonstrate lower math achievement and aptitude than their counterparts with low math 
anxiety” (Ashcraft & Kirk, 2001, p. 224). Interestingly, there had been little research to 
suggest, from a neurological standpoint, why this was the case until Ashcraft and Kirk 
(2001) integrated mathematics anxiety with mathematics cognition. The goal of their 
study was to “examine performance in standard cognitive frameworks and on-line tasks” 
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(p. 224). They wanted to look at the impact mathematics anxiety had on mathematical 
cognition and to determine what processing components were influenced, if any. Ashcraft 
and Kirk (2001) hypothesized based on previous research that the correlation between 
mathematics anxiety and mathematics competency exists for all levels of difficulty and 
that the performance differences cannot be attributed to just one or the other. While there 
is still some debate if this relationship exists for very simple arithmetic problems, it is 
clearly present when dealing with higher level mathematics. 
       Low test grades, an inability to complete difficult assignments, parental and teacher 
influence have all been linked to mathematics anxiety (Duffy & Furner, 2002). In 
addition to teacher attitude, teaching methods are also often a cause of increased anxiety. 
The “explain-practice-memorize,” (para. 6) method cited by Steele and Alfred (1998) 
also suggests that a lack of creativity and variety in teaching methods has led to an 
increase in mathematics anxiety. While these factors are all important, both the MMMI 
and control class were being taught in a similar style so more focus was placed on how 
music can affect causes of math anxiety. Music’s ability to improve mood to an extent 
that it has residual effects on cognitive performance as demonstrated by Rauscher et al. 
(1993) certainly suggests that music holds the potential to alleviate some of the emotional 
causes of mathematics anxiety. 
       Cognitive causes of mathematics anxiety. Working memory has been identified as 
central to many brain processes including reasoning (Baddeley & Hitch, 1974; Jonides, 
1995). Schmithorst and Holland (2004) have identified the potential benefits of being a 
musician on working memory and Ashcraft and Kirk (2001) write that mathematics 
performance has also been linked to working memory and therefore hypothesized that “a 
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major contributor to the performance deficits found for high-math-anxiety participants 
involves working memory” (p. 225). In their study, Ashcraft and Kirk (2001) had 
participants complete a math anxiety survey, the short Mathematics Anxiety Rating 
Scale, (sMARS) and then complete working memory tasks, some computation-based, 
some language-based. They found a significant correlation between high anxiety and low 
working memory capacity. Interestingly, the effect was magnified when considering the 
results of the computation-based and the language-based tasks separately. When the data 
are disaggregated, the correlation between the language-based tasks and mathematics 
anxiety became nonsignificant while the correlation between the computation-based tasks 
and mathematics anxiety remained significant. The findings suggest that the decline in 
computation-based working memory span is tied to mathematics anxiety more so than to 
the performance in the language-based working memory span. 
       After analyzing the findings of their first experiment, Ashcraft and Kirk (2001) 
designed two subsequent studies. In their first additional study, they had participants 
mentally compute addition. They used single digit integers as the control since this had 
previously been shown to be equal for people with and without mathematics anxiety; they 
used double digit integers as the more advanced task since previous research had 
demonstrated a decrease in ability on such a task for individuals with high mathematics 
anxiety. Before each addition problem, participants were presented with a set of letters 
which they were asked to recall after completing the addition. Ashcraft and Kirk (2001) 
acknowledge that the more difficult problems rely more heavily on working memory and 
predicted that individuals with higher mathematics anxiety would have more errors. They 
set up several conditions for the experiment to control for different interfering variables 
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and found that “particularly difficult addition might disrupt working memory sufficiently 
to depress letter recall, or the working memory load for letter recall might disrupt 
concurrent addition performance” (p. 230). Overall with the first of the subsequent 
experiments, Ashcraft and Kirk (2001) were able to confirm that more difficult arithmetic 
processing relied on working memory and that there was an increase in errors for the 
group with high mathematics anxiety suggesting that they had “the least capacity to 
devote to concurrent processing, which itself taxed working-memory capacity” (p. 231). 
       Ashcraft and Kirk (2001) then conducted their second additional study to try and 
determine if the results linking working memory and math anxiety were specific to 
problems which required participants to actually do mathematics or if they were also 
linked to other number-related processes. For this experiment, participants were again 
given the computation-based and language-based working memory tasks. Additionally, 
they were asked to complete letter-transformation tasks which had them determine how 
far along in the alphabet they would need to go to transform one letter into another. The 
study also had participants complete similar tasks for number transformations. The 
participants had to keep certain information in their working memory throughout the 
tasks to recall at the end. Individuals with high math anxiety spent significantly more 
time on the transformation tasks for both letters and numbers than individuals with low 
and medium anxiety. Not only did they spend more time on the tasks, their results were 
significantly poorer than members of the other groups for both the number and the letter 






Music as a Treatment for Mathematics Anxiety 
 
       Anxiety around mathematics can clearly have a direct impact on working memory 
and so working memory ability may also have an effect on math anxiety (Ashcraft & 
Kirk, 2001). Given music’s ability to improve working memory, (Holland & Schmithorst, 
2004) it is worth investigating if music can have a positive impact on students with 
mathematics anxiety. Individuals with math anxiety may benefit from the presence of 
music in the mathematics classroom not only due to the impact the music could have on 
their mood and behavior as demonstrated with patients with Alzheimer’s disease, but 
because of the effect the music could have on their brain. While the improvements in 
behavior and mood may be temporary solutions to mathematics anxiety, improvements in 
working memory may end up making students feel better about solving and, over a 
longer period of time, actually permanently alleviate some of their math anxiety by 
making them better problem solvers. 
       Hembree (1990) studied mathematics anxiety and, in the course of his multi-part 
experiment, attempted to alleviate anxiety through several types of treatments. He 
utilized classroom interventions in an attempt to alleviate anxiety within entire classes. 
He looked at behavioral treatments, cognitive treatments and cognitive-behavioral 
treatments in order to attempt to alleviate anxiety. Some of the behavioral treatments as 
well as the cognitive-behavioral treatments resulted in a reduction of mathematics 
anxiety. While Hembree (1990) did not find improvement resulting from a change in 
classroom structure he did not look at the effect of a change in content such as integrated 
instruction furthering the need to study the potential impact of MMMI on students’ 
mathematics affect. More importantly, Hembree (1990) found that “treatments that 
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resulted in significant mathematics anxiety reduction were accompanied by significant 
increases in mathematics test scores” (p. 43). The implications of Hembree (1990) 
combined with the information regarding working memory with both anxiety and music 
suggests that music may have the potential to serve as a cognitive-behavioral treatment 
for mathematics anxiety and, if so, may even lead to an increase in mathematical ability.  
 
Self-Efficacy, Mathematics Perceptions and Grit 
 
       Much of the research surrounding self-efficacy, mathematics perceptions, and grit 
have found important connections between these affect areas and academic success as 
well as important interactions between these affect areas. Often, they have been shown 
not only to predict academic performance but also to predict one another. 
       Self-efficacy. Self-efficacy has been shown to affect the goals individuals set for 
themselves: the stronger someone’s perceived self-efficacy the higher the goal they set 
for themselves and the stronger their commitment to it (Bandura, 1993). Self-efficacy is 
also important as it has been shown to affect memory. According to Bandura (1993), 
“perceived cognitive self-efficacy affects memory performance both directly and 
indirectly by raising cognitive effort” (p. 121). Additionally, self-efficacy has an impact 
on stress; individuals’ beliefs about what they are capable of affects the stress they may 
experience when facing challenges (Bandura, 1993). Improvement in self-efficacy may 
then lead to a decrease in students stress. 
       Hackett and Betz (1989) found that there was a moderate correlation between 
mathematics self-efficacy and mathematics performance. Similarly, Zimmerman (2000) 
notes that self-efficacy influences academic motivation as well as effort, persistence and 
44 
 
emotion. Hackett (1985) also drew an important connection between self-efficacy and 
mathematics anxiety, noting that mathematical self-efficacy was a better predictor of 
math anxiety than either previous performance in high school mathematics courses or 
gender. 
       Mathematics perceptions. In addition to their findings regarding self-efficacy, 
Hackett and Betz (1989) also found that mathematics performance was positively 
correlated with attitudes towards mathematics. If MMMI presents students with an 
opportunity to improve their mathematics attitudes and perceptions then overtime this 
may also lead to an increase in mathematical performance. Hackett and Betz (1989) even 
found that students perceptions of mathematics based on their self-efficacy had a stronger 
impact on whether or not students would continue mathematics education and careers 
than their previous mathematical performance.  
       Schoenfeld (1989) found that “students consider mathematics to be an objective, and 
objectively graded, discipline that can be mastered” (p. 343). Additionally, Pajares and 
Miller (1994) write that students perceptions of mathematics are linked to their ability 
and confidence. Al-Mutawah and Fateel (2018) also found attitude towards mathematics 
was positively correlated with mathematics performance.  
       Grit. Research has shown that students need both challenging work and meaningful 
feedback (Middleton & Midgley, 2002). Academic press, a term for the demands of the 
academic environment, helps set students up for opportunities to become grittier. Grit, 
defined by Duckworth, Peterson, Matthews, and Kelly (2007) as “perseverance and 
passion for long-term goals” (p. 1087) grows when students face something difficult and 
persevere through the challenges. Academic press has also been shown to positively 
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predict self-efficacy as well as decrease avoidance of help-seeking particularly for girls 
(Middleton & Midgley, 2002). In her book on grit, Duckworth (2016) encourages 
individuals to ask for help as a way to persevere through difficult situations, maintain 
hope and become grittier. This is of particular importance as an increase in stress is not 
the goal, rather an increase in difficulty with appropriate support. 
       While Duckworth (2016) often writes about individuals that may have been 
academically equal but behaved differently in difficult situations based on their grit, Al-
Mutawah and Fateel (2018) found a positive correlation between grit and mathematics 
performance. Duckworth et al. (2007) write that grit is not correlated with IQ; however, 
based on their research it is still important for success when encountering difficult 
situations. As Duckworth (2016) writes, even though Aristotle, and more recently Grant 
and Schwartz have argued that too much or too little of a good thing can be still be bad, 
grit, so far, doesn’t seem to follow the inverse U-shaped graph found for other traits, 
where an ideal amount is somewhere in the middle. While there has been no official 
research on if too much grit is a bad thing, Duckworth writes that after asking 300 
American adults to take the Grit Scale and giving them their scores, “in the entire sample, 
there wasn’t a single person who, upon reflection, aspired to be less gritty. I’m certain 
most of us would be better off with more grit, not less” (p. 273). If MMMI is able to help 
students improve their mathematics perceptions which can in turn improve their self-
efficacy, it may also be able to help students become grittier by encouraging them to 
persevere through difficult content. 
       The existing literature has created an opening for a study using MMMI as a means of 
continuing to study integration, studying a more meaningful use of music instruction in a 
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higher-level mathematics classroom and determining the benefits music instruction could 











       To briefly summarize this research study, I give more details that follow, all data 
were collected from two Algebra II classes in a suburban high school. As a reminder, the 
aim of this research study was to answer the following research questions: 
1. How does mathematically motivated music instruction in the high school mathematics 
classroom lead to an understanding of the related mathematical concepts? 
2. How do students feel mathematically motivated music instruction provides the 
opportunity to problem solve and apply mathematical concepts in a way that changes 
their mathematics affect?  
Both the control class and the Mathematically Motivated Music Instruction (MMMI) 
class were originally under the instruction of the same teacher. Their class averages from 
the original classroom teacher were within two percent of each other prior to the study. 
Both classes were taken over by the researcher to control for any teacher-change effect. 
The research took a total of six days, one day for a pretest, four days of instruction and a 
final day for the posttest and a questionnaire. The study was limited by its length, but the 
time constraints were unavoidable due to the normal length of time dedicated to this 
particular mathematics unit. Each class received four days of instruction. In the following 
sections I will describe the participants, the materials used in both the control group and 
the group receiving the MMMI, the instruments used as part of the study, and the data 





       A total of 32 Algebra II students from tenth and eleventh grade participated in the 
study. The school is in a suburban town in New Jersey a short distance from Manhattan. 
The population is predominantly made up of upper-middle class and is majority White 
with small Hispanic, Black and Asian populations. Both classes consisted of 16 
participants. The control group had seven girls and nine boys and the MMMI group had 
12 girls and four boys. Despite gender difference between groups, both groups were 
expected to perform approximately equal based on their previous grades throughout the 
semester and the fact that the students were placed in the original classes based on school 
scheduling, not ability. The first class that met during the day was randomly selected to 
receive the MMMI lessons while the second class that met was therefore to be the control 
group. All students were given pseudonyms in order to remove any bias and all names 
were covered while grading pretests and posttests to remove any bias from the grading 
process. Those in the control group received a name beginning with the letter M and 
those in the research group received a name beginning with the letter B. The pseudonyms 
were assigned to the students at the start of the study and they were used for all 
assignments and assessments as well as the questionnaire from the end of the study. The 





       In preparation for the MMMI, two sets of lessons were created. MMMI (See 
Appendix A) was developed in order to cover the Algebra II topics covered in a suburban 
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high school classroom of mid-level students. These lessons covered the Algebra II topics 
of functions, operations of functions, domain and range, injective, surjective and bijective 
functions, inverse functions, and composition of functions. The materials looked at an 
introduction to music theory including many topics related to twelve-tone composition 
and looked at many mathematical ideas that are present in fugues. While the students 
began with the mathematical foundations of twelve-tone composition, once they 
understood the function utilized by composers such as Schoenberg, they moved on and 
studied primarily Western, tonal music. While the connections were based primarily in 
theory, recordings of all music examples used were played for the class as well. That is, 
the integrated approach intended for music to be a meaningful part of the classroom 
experience, not just a means to study the mathematics. The materials that were created to 
be used in the second suburban Algebra II classroom of mid-level students were designed 
to instruct the students in the same mathematical content as that covered by the MMMI 
but were developed using the textbook used for the course prior to the research study 
(See Appendix B). These students were provided with daily notes, examples and 




       In class instruction. Throughout this section several types of questions from the 
class notes and homework will be discussed in addition to a side by side comparison of 
lessons on one topic to highlight similarities and differences between the instructions for 
the groups. There are typical mathematics problems or non-application problems which 
consist of pure mathematics without context, musical or otherwise, there are also 
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application problems or non-musical application that contextualize the pure mathematics 
in a setting other than music and there are music application problems, which were only 
ever studied by the MMMI group, which contextualize the mathematics in a music 
setting. The MMMI group also received additional music practice problems which were 
both music applications and purely musical questions. 
       Figure 3 below shows how a particular topic, composition of functions, was treated 
in both the research group and the control group. The red text highlights where the 
students received the same instruction and homework while the black text highlights the 
differences. The MMMI group’s instruction exemplifies the model of integrated 
instruction from figure 2 by incorporating problems that exist in both mathematics and 
music at the same time. The students had to use their understanding of both arts to 
successfully complete the tasks. 
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Figure 3. Comparison of composition of functions lesson for control and MMMI. 
 
       Figure 4 briefly summarizes the topics covered in each class which are described 
more fully in the paragraphs that follow. Here, the red text notes the music components 





Figure 4. General topics from each class section and day excluding pretest/posttest days. 
 
       On the second day of the study, the students received their first day of instruction. 
Students in the control class examined the definition of a function, operations on 
functions, applications of operations on functions. Students had class time to work on 
several practice problems that were both pure mathematics problems and applications. 
Student volunteers then came to the board to share their work. The first day of instruction 
for the MMMI group included an introduction to the basic music theory that would be 
used throughout the study. The music theory was then tied to the ideas of domain and 
range. Students looked at domain and range from both a musical and mathematical 
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standpoint. They worked together on practice problems of both a mathematical and 
musical nature. 
       The third day of the study, which was the second day of the instruction, was slightly 
shortened due to a delayed opening at the school. The control group looked back at the 
problems from the previous lesson and examined the effect of operations on the domain 
and range of functions. They worked through possible restrictions and, with the exception 
of restrictions to the range caused by division of functions, students practiced finding 
domain and range resulting from addition, subtraction, multiplication and division. They 
investigated what types of functions are yielded by such operations. The research group 
used the second day to look at transpositions and other musical ideas that model 
operations on functions. They then looked at performing operations on functions both 
from a musical and a mathematical standpoint. They analyzed the effects to the domain 
and range that resulted from these operations to both the music and mathematics 
examples. Both groups did not receive the intended homework due to the shortened class 
period. 
       On the fourth day of the study, the third day of instruction, both groups began by 
completing the remaining content from their notes from the previous day of instruction. 
Then the control group covered the idea of a mathematical inverse. They looked at what 
an inverse function is, as well as how to find it. They looked at inverse relations to help 
demonstrate the relationship between domain and range for inverse functions. Students 
worked on problems involving inverse functions and relations as well as applications of 
inverse functions. The students received a homework assignment to continue their 
understanding of inverse functions as well as to review the earlier topics of operations, 
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domain and range. The MMMI group was introduced to the idea of compositions of 
functions by looking at musical scores to understand multiple stages of operations. They 
completed problems involving composition of functions applied to musical tunes as well 
as practiced purely mathematical problems and applications of composition of functions. 
The MMMI group received two music-themed homework assignments; one that had been 
intended for after day two, which covered operations of functions with music, as well as 
the assignment created to go with the third day of MMMI which covered the idea of 
composition of functions and introduced the idea of inverse in preparation for the 
following day. The students also received several mathematical problems to help them 
practice compositions of functions. 
       The fifth day of the study, which was the final day of instruction, began by finishing 
any remaining material from the previous class. The control group then looked at 
compositions of functions. They investigated using compositions to verify that two 
equations represent inverses; building on their learning from the previous class. They 
worked through both practice problems and applications in small groups. They were 
assigned one final homework to tie together their understanding of inverse functions and 
composition of functions. The MMMI group spent their final day looking at the twelve-
tone method of composition and how composing with numbers requires an inverse 
function to return to note names. The students practiced performing operations and 
finding their inverses from the standpoint of transpositions between keys and then looked 
at the mathematical idea of an inverse. They worked together in small groups to practice 
finding an inverse function and applications of inverse functions from a musical 
standpoint. They received a final homework assignment that had both a music component 
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to help them solidify their understanding of inverse functions and a mathematics portion 
to help them practice finding an inverse and verifying inverses. 
       Figure 5 outlines the relationship between the music and the mathematics studied by 
the MMMI group. While there were several different mathematics concepts studied, there 
were only a few major music concepts necessary for the integrated instruction. Rather 
than introduce a wide spread of music concepts, the students developed a deeper 
understanding of a few key ideas from music theory and composition. 
 
Figure 5. Music and mathematics topics covered in MMMI. 
The column depicting the related mathematics also serves as the outline of the topics 
covered in the control group. 
       The MMMI began with an introduction to basic elements of music theory including 
the twelve tones. For example, Figure 6 shows a part of the first day’s notes where the 
students were presented with the twelve tones and their enharmonic equivalents. We 
discussed how enharmonic equivalents have the same frequency despite having different 
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note names. Students looked at various ways of representing mathematical values to 
parallel this musical concept. 
 
Figure 6. MMMI notes day 1 – enharmonic equivalents. 
Students were given the analogy C♯ is to D♭ as ¼ is to .25 to help them understand 
enharmonic equivalents. All notes have enharmonic equivalents, C can be described as 
B♯, B can be described as C♭. These equivalents aren’t limited to just single sharps and 
flats, for example, D can be written as C♯♯ or even E♭♭. The students were also provided 
with a visual aide which included the most common enharmonic equivalents, see Figure 
7. 
 




The lessons progressed by introducing mathematical concepts that can be modeled using 
the twelve tones and other elements of music theory. The students were then presented 
with both pure mathematical examples and two types of word problems, those that 
involved the music theory instruction and those that relied only on the mathematical 
concepts covered. For example, students were then introduced to the mathematical idea 
of a function, as well as the definition for domain and range. Students were given a brief 
historical background on twelve-tone composition and were presented with the mapping 
of the function employed by composers such as Arnold Schoenberg (See Figure 8). All 
notes were considered using only sharps and not flats when first introduced to the 
students. Students additionally saw the mapping represented as coordinate pairs, (C, 0) 
etc. 
 
Figure 8. MMMI notes day 1 – mapping function. 
  
The students used the mapping from Figure 8 to begin thinking about one-to-one, domain 
and range. Students were introduced to function notation and restrictions on domain and 
range. Students did not discuss the idea of codomain as it was not part of the Algebra II 
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curriculum and was complicated by the finite twelve-element numerical set and the 
theoretically infinite (though in practice twelve element) musical set. Students used the 
ideas of enharmonic and octave equivalence to keep the musical set limited to twelve 
elements.  
       Figure 9 gives an example of the integration of music ideas with mathematics ideas 
by combining Schoenberg’s method with function notation, domain and range.  
 
Figure 9. MMMI notes day 1 – function notation, domain and range. 
  
The students simultaneously worked with the musical concepts while thinking about the 
related mathematical ideas. The music worked well as students could see why f(Q♯) 
didn’t make sense based on what they had learned about the twelve tones. Unlike purely 
mathematical functions where f(2) will sometimes exist and other times not, the music 
functions have a fixed domain and range that come always from a small finite set, making 
it easier to recognize elements not in the domain or range. The students worked on 
problems in class where they could practice both the mathematical and the musical 
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concepts from the day. They were provided with a guide that listed the note names on the 
musical staff in treble clef and presented questions like those in Figure 10. 
 
Figure 10. MMMI notes day 1 – applications practice. 
  
       Homework. Students were assigned homework after the first, third and fourth 
lessons. Any completed homework was collected throughout the study. Students in the 
MMMI group received two homework assignments each night; one that dealt purely with 
the mathematical concepts from the class and one that reinforced their music learning and 
so that they were ready for the concepts to be presented the following day. All homework 
was designed to extend understanding; all essential topics from the homework were 
covered in class the following day. Students who didn’t complete some or any of the 
homework assignments were still included in the study. Figure 11 shows what the non-
application common portions of the homework looked like.  
 
Figure 11. Sample non-application questions from common portion of homework. 
  
Typically, the homework included standard problems associated with the content 
covered. Figure 11 demonstrates how students practiced composition of functions and 
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operations on functions while also working with function notation. In addition to these 
standard problems, both groups also received non-music application problems like those 
in Figure 12. 
 
Figure 12: Sample non-music application from common portion of homework. 
The common applications were non-musical and intended to reinforce the same concepts 
as the more straightforward homework problems. The students in the research group 
received additional homework problems that were similar in terms of the mathematical 
topics but also reinforced the musical concepts to prepare the students for the following 
class. Figures 13 and 14 show a sample problem from both the common portion of the 
homework and the related supplemental music problem respectively. 
 
Figure 13. Common homework problem from homework. 
 
 
Figure 14. Music supplement from homework 4. 
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Figure 13 and Figure 14 exemplify how topics were generally covered in both musical 
and non-musical applications. The have similar mathematical goals, just different 
presentations. This was typical for the topics and the applications studied both in class 
and in the homework assignments. 
       Students in the control group received one homework assignment each night which 
dealt purely with the mathematical concepts and mathematical applications from the 
class. At the end of the study students in the control group were all offered the materials 
used in the MMMI section in order to provide them with any benefit these materials may 
have provided the research section. 
 
Research Question 1 
 
 
How does mathematically motivated music instruction in the high school mathematics 
classroom lead to an understanding of the related mathematical concepts? 
 
Data Collection for Research Question 1 
       Pretest. On the first day, the students in both groups completed a pretest to 
determine their level of understanding of these topics prior to the research. (See 
Appendix C). Both sets of students completed the same pretest, created by the researcher 
based on the textbook and assessments generally used by the school and the original 
classroom teacher. The pretest consisted of two equally weighted parts; there was one 
section with eight questions that involved only the mathematical concepts from the unit 
and a second section with four questions that contained non-musical word problems 
based on the mathematics from the unit. The pretest also served to identify any 
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differences that may have already existed between the two groups and their 
understanding. 
       Posttest. The final day of the study consisted of both a questionnaire (See Appendix 
D) and posttest for each group (See Appendix C). Both groups then took the same 
posttest, which was identical to their pretest from the first day of the study. 
 
Data Analysis for Research Question 1 
       All pretests and posttests were graded by the researcher one problem at a time for 
consistency. Partial credit was given based on the answer key and rubric (See Appendix 
E) created by the researcher when applicable for students that made it either part way 
through a problem or for students that completed the problem but made mistakes. The 
tests from both groups were shuffled together and all names removed and replaced with 
codes so as to remove any bias from the grading process both on an individual basis and 
to keep grading for each group consistent. After grading, the names were replaced so as 
to still be able to link pretest and posttest data. 
       Linear regressions of the form Posttest = m(pretest) + b were run for each individual 
portion of the test as well as for overall to determine if pretest was predictive of posttest. 
The data however wan not normally distributed – more specifically, a majority of 
students’ pretest scores were zero – so a gain score approach was used to compare 
groups. According to Gliner, Morgan, and Harmon (2003), the gain score approach 
creates one independent variable rather than looking individually at pretest and posttest 
scores. As such, independent-samples t tests were run to determine the significance of the 
difference in the means of the gains for each group on each portion of the test. Additional 
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independent-samples t-tests were run to determine if demographic factors such as gender 
had any impact on group. 
       The students in the research group were then separated into those that considered 
themselves musicians and those that did not and the differences from pretest to posttest 
for the research groups was separated accordingly. Often, results of music studies are 
criticized for failing to identify if any academic improvement is linked to the actual study 
of music or if it results from a certain type of student electing to take music courses. 
(O’Neal & Robitaille, 1981). The goal with this last portion of analysis was to determine 
if the improvement demonstrated by the research group was limited by a more successful 
sub-population of musicians who may naturally be better students based on their decision 
to electively study music or based on their preexisting knowledge of the music topics 
studied in class. The scores were separated for both the individual sections of the tests 
well as for the overall scores. 
       Independent samples t tests were run to compare the scores of the musicians to the 
non-musicians for the difference in the problems only portion, the applications only 
portion and the overall scores from the pretest to posttest. The independent samples t tests 
were run to determine any significance between the musicians and the non-musicians in 
the research group.  
 
Qualitative Analysis for Research Question 1 
 
       In addition to the quantitative analysis done to determine the significance of the 
overall gains, qualitative analysis was done in order to look at more specific differences 
between the posttests for the research and the control group. The tests were studied to 
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determine any common characteristics exemplified by the students in one group or 
another. The frequency of these characteristics were then compared between groups. This 
analysis allowed for a closer look at the type of solutions students provided rather than 
just the gains demonstrated by the whole group. During this analysis, three major themes 
arose that exemplified the differences in the students’ work from the control group and 
the research group.  
 
Research Question 2 
 
 
How do students feel mathematically motivated music instruction provides the 
opportunity to problem solve and apply mathematical concepts in a way that changes 
their mathematics affect?  
 
Data Collection for Research Question 2  
       A questionnaire was created with six common questions to gather data about the 
students’ opinions about mathematics applications (see Appendix D). The students 
completed the questionnaire on the final day of the study after completing the posttest. 
The MMMI group answered the same six survey questions in addition to three more 
questions regarding the music applications from the lessons (See Appendix F). The 
questions were created by the researcher and were designed to gauge students’ opinions 
about mathematics applications and word problems both prior to and after the study. The 
questions helped to gain a better understanding of the students’ self-efficacy, grit and 
mathematics perceptions. The researcher used the research questions to design survey 
questions that would help gauge individual growth and changes as a result of the research 
65 
 
as well as to identify differences between groups. The six-question survey was designed 
to determine the effect of the MMMI by comparing the students’ responses from both the 
control and the research group. The first four questions of the common portion of the 
questionnaire were designed to gain an understanding of some of these aspects of affect, 
specifically self-efficacy and grit, by asking students to describe their feelings and their 
ability prior to and after the research study. The following questions aimed to get more at 
students’ opinions on the ease or difficulty of the lessons and the impact this had on their 
willingness to problem solve moving forward. These questions were designed to 
understand the students’ mathematics perceptions and how they may have changed. The 
students were asked if the lessons seemed easier, similar to or more difficult to their 
previous lessons. Finally, the students were asked about any change in their willingness to 
solve word problems and applications in the future. The goal was to determine if students 
experienced a change in their feeling about solving mathematical applications and word 
problems as well as to determine if the change was due to an outside factor, such as 
change in difficulty. The final question was designed to determine if students had 
experienced a change that would affect them moving forward. 
       An additional three questions were created for the MMMI group. These questions 
were designed to determine if students had any music background and to get students to 
write about their opinion of the lessons a well as what they had learned about each of the 
topics covered. The goal was to determine if any improvement could be attributed to a 
preexisting knowledge of music as well as gain insight into the students understanding of 





Data Analysis for Research Question 2 
 
       Coding. For the qualitative portion, each questionnaire was typed and analyzed 
without any identifying data. When the responses were relatively similar, codes were 
developed based on the individual response to capture the broad general response to each 
question. A code was used anytime there were responses that either used the same key 
words or synonyms for each sentiment expressed by the written responses. The codes 
were largely deductive as there were expected types of answers to the survey questions. 
As with the pretest and posttest grading, all coding was done with personal information 
removed and groups shuffled. After the coding process all data were then re-associated 
with the students’ pseudonyms and separated by research group and control group. Each 
code was checked for frequency throughout the questionnaires both within each group 
and between groups. The coding was checked by an additional individual unassociated 
with the research to check for agreement. 
       Common portion of questionnaire. For the common questions, the data was grouped 
together and analyzed by the individual affect areas of interest. For mathematical 
perceptions, self-efficacy and grit, the trends in the responses for the research and the 
control group were compared along with any important differences in the scores for 
individuals from pretest to posttest. The first and third question many of the students 
expressed negative views but for a variety of reasons. As a result, these questions were 
not coded and instead were compared generally by looking at a few answers typical from 
both the control group and the research group. The responses to the third question from 
the questionnaire were compared to the responses to the first question to determine if 
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individuals in either group demonstrated any growth this in this affect area. Then, as the 
question was specifically related to mathematical perceptions of applications, the 
responses were related back to some of the individual gains on the applications portion of 
the exam.  
       Next, for mathematics self-efficacy, results were fairly consistent among and 
between groups leading to the codes, GOOD, BAD, and OTHER for the first of the two 
questions and SOME IMPROVEMENT, SOME CONFUSION, NO CHANGE, and 
OTHER for the follow up question. As with the questions on mathematical perceptions, 
these questions were also compared more specifically by looking at typical responses that 
received each code and then comparing this to the gains seen from the pretest to the 
posttest.  
       For the third affect area, grit, covered by the common portion of the questionnaire, 
much of the data again was able to be coded based on relatively similar answers from 
both groups. When asked how the lessons compared to previous instruction students 
either responded in a way that was coded as MORE DIFFICULT or SAME. The follow-
up questions to this were analyzed more generally as students had various reasons for 
identifying an increase in difficulty. These were then compared using several different 
responses typical of each group. When asked about their willingness moving forward 
several codes were used to capture this data. In the research group the only codes that 
were needed were MORE and SAME. For the research group the positive code of MORE 
needed a second code that specified MORE-NON-MUSIC for a subset who 
acknowledged an increased willingness with a desire to see other kinds of applications. 
The research group also required a code for LESS. Once the data was coded, typical 
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responses were again compared along with connections to the gains seen from pretest to 
posttest for individuals with different codes in each group. 
       MMMI specific questions. The remaining questions were only asked to the research 
group as they were not relevant to the control part of the study. The first additional 
question asked, “Would you recommend the use of lessons like you received these last 
few days in future mathematics courses? Why or why not?” This question was coded as 
YES and NO. The why or why not portion of the question led to various reasons for 
recommending or not recommending the lessons which were analyzed individually. The 
goal of this question was to determine if students were aware of any benefits they may 
have received from the lessons. 
       The second additional question was broken up into four parts, focusing on each of 
the major topics covered. As students have various answers to these questions they were 
not coded but were compared for overall trends that were found from the answers to all 
four parts of the questions. The final question asked students if they had ever studied 
music before. This was coded as either YES or NO/NOT ENOUGH TO MAKE A 
DIFFERENCE. This question was included to help determine if the results of the MMMI 
were influenced by previous music instruction and allowed for the disaggregation of the 
research group’s data into musicians and non-musicians which provided the opportunity 
for additional statistical analysis. 
       Qualitative analysis of coded data. With the data, general trends between groups 
were then compared based on mathematical affect. The first and the third questions were 
specifically related to mathematical perceptions before and after the experiment. The 
themes mentioned by the control and the research group were compared to determine if 
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one group had a change in their perceptions relative to the other group. The second and 
fourth questions were related more to mathematical self-efficacy from before and after 
the experiment. Again, the general responses were compared in order to determine if the 
MMMI impacted students’ self-efficacy. The final common questions were aimed at grit. 
The first of these questions was about the difficulty of the lessons while the second asked 
students about their willingness to continue with mathematical applications. The question 
about difficulty was used to rule out a decrease in difficulty as a cause of an increase in 
students’ willingness. The overall goal of the analysis was to build a better image of the 
individuals in the study: to identify if they saw an increase or decrease any areas of 
mathematical affect and then to look at whether or not these changes were found in their 






















       In this chapter, I begin with the quantitative analysis done for the first research 
question. I present both visuals for the gains demonstrated by each group on each portion 
of the exam as well as the statistical tests for the significance of the differences between 
groups for these gains. I rule out gender as a contributing factor and present the overall 
findings for the quantitative differences between the research and the control group. After 
demonstrating the statistically significant difference in the gains demonstrated by the 
research group I look qualitatively at the posttests to identify how the responses differed. 
I identify three major qualitative differences between the exams from each group: their 
use of function notation, the control group’s confusion between composition of functions 
and inverse functions and the use of more mathematical approaches to the application 
problems. I then look at the survey questions to help answer the second research question. 
When coding is applicable I look at the frequency of each code and otherwise I present 
trends from the responses from each group along with sample responses that demonstrate 
these common themes. I look at how their responses relate to the three affect areas of 
interest: mathematical perceptions, mathematical self-efficacy and grit. When applicable 








Research Question 1 
  
 
How does mathematically motivated music instruction in the high school mathematics 
classroom lead to an understanding of the related mathematical concepts? 
 
Quantitative Analysis for Research Question 1. 
 
       This study was conducted using a pretest-posttest design to determine the effect of 
MMMI on student’s performance on problems that were both purely mathematical and on 
mathematical applications. Between group differences were compared using independent 
samples t tests. The differences in the group from pretest to posttest were calculated. 
Every student from both groups showed some sort of improvement from pretest to 
posttest. (See Table 1). 
Table 1. Difference from Pretest to Posttest by Group and Participant 
  
Participant Control Group (%) Participant Research Group (%) 
1 14.583 1 15.625 
2 10.417 2 27.083 
3 4.167 3 18.75 
4 21.875 4 18.75 
5 13.542 5 34.375 
6 28.125 6 26.042 
7 23.958 7 52.083 
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8 16.667 8 65.625 
9 14.583 9 23.958 
10 7.292 10 33.333 
11 35.417 11 9.375 
12 11.458 12 51.042 
13 33.333 13 22.917 
14 22.917 14 55.208 
15 15.625 15 19.792 
16 17.708 16 63.542 
  
       To gain a better understanding of the data, the improvements on the individual 
portions of the exam as well as overall improvements were plotted to compare both the 
control and research group, (see Figure 15). 
       The data for the MMMI group not only reached higher values both overall and on the 
applications, the data also clusters around a higher value for the overall improvement. 
Even for the improvement on problems, the improvement is slightly higher for the 
MMMI group. Additional visuals were made to look at the role of gender on 


























Figure 16. Comparison of gender on improvement. 
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       As these visuals demonstrate, gender did not seem to have a major impact on 
improvement. The girls’ data was clustered slightly higher for improvement on problems 
and a few more girls improved significantly on applications but several more also showed 
no improvement on applications and there was a lower cluster for overall improvement. 
Given that there were more girls in the study which accounts for some of the inequality, 
gender’s impact was minor. 
       In order to determine the significance of the changes between the control group and 
the research group, a gain score approach was used based on the pretest and posttest data. 
The overall gains as well as the improvement for each individual section of the test were 
compared. Originally linear regression models of the form, Posttest = m(pretest) + b were 
run, but as the pretest data were not normally distributed and were instead clustered around 
zero. The slopes of the linear regressions were almost all negative meaning that the students 
who began with a score of zero showed greater improvement than those that started above 
zero on the pretest, see Table 2.  





Research Group Control Group 
Overall Improvement Posttest = -1.14044(Pretest) + 
35.1266 




Posttest = -5.3(Pretest) + 
38.75 




Posttest = -0.355556(Pretest) 
+ 31.6667 




As the data from the linear regressions was based on pretest scores that were primarily 
zero, independent sample t tests were run using a gain score approach. 
       Table 3 outlines the results determining the impact of gender on improvement. The 
independent samples t tests ruled out gender as a cause for improvement seen between 
groups. With p > 0.05 for the overall test as well as for each individual sections of the 
test, gender had no statistically significant impact on improvement. As gender was the 
only major demographic variable of interest collected between both groups prior to the 
research, this furthers the implication that the MMMI was responsible for the growth 
demonstrated by the research group. 
Table 3. Results of Independent Sample t tests for Gender 
Test Section Groups Results p 
Overall Gender t(30) = .698 
 
Female Male 
m = 27.5, sd = 16.4 m = 23.5, sd = 15.7 
 
p = 0.454 
Problems Gender t(30) = 1.163 
 
Female Male 
m = 36.4, sd = 14.3 m = 29.6, sd = 18.5 
 







t(30) = .157 
 
Female Male 
m = 18.8, sd = 27.5 m = 17.3, sd = 22.1 
 





After determining that gender was not responsible for the difference between the research 
and the control group, the impact of group was then considered.  
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       Table 4 presents the statistical significance that group, either control or research, had 
on the gains from the pretest to posttest. The independent sample t tests demonstrate that 
there was a statistically significant difference (p < 0.05) in the gains of the control group 
and the gains of the research group for the overall exam (p = 0.005) as well as for the 
applications portion of the exam (p = 0.001). In each case, the research group 
significantly outperformed the control group. With p = .321, there was no significant 
difference between groups on the pure mathematics. These results suggest that the 
MMMI was able to teach students the desired mathematical content at least as well as 
regular instruction and in fact was significantly better at preparing students for non-
musical applications.  
Table 4. Results of Independent Sample t tests for Groups 
Test Section Groups Results p 
Overall Control and 
Research 
t(30) = –3.059 
 
Control Research 
m = 18.2, sd = 
8.8 















t(30) = –1.211 
 
Control Research 
m = 30.2, sd = 
14.1 
m = 37.1, sd = 
17.9 
 







Applications Control and 
Research 
t(30) = –3.020 
 
Control Research 
m = 6.3, sd = 
16.5 






       The data in Table 5 aim to determine the impact that a subset of musicians may have 
had on the success of the research group. The independent samples t tests demonstrated 
that the MMMI was not different in a statistically significant way for the musicians 
compared to the non-musicians in the research group for either portion of the test as well 
as for the overall tests. This implies that the gains were not based on prior music 
knowledge or the existence of a specific type of academically motivated music student, 
but rather on the MMMI. 
 
Table 5. Results of Independent Sample t tests for Musicians and Non-Musicians 
Test Section Groups Results p 
Overall Musicians and Non-
musicians in Research 
Group 





m = 35.1, sd 
= 16.3 










musicians in Research 
Group 
  





m = 36.8, sd 
= 17.0 










Applications Musicians and Non-
musicians in Research 
Group 





m = 33.2, sd 
= 27.0 






       In addition to the statistical analysis, visuals were created to better understand this 
data due to the relatively small number of participants in each subgroup. Figure 17 
demonstrates the gains on the overall exam as well as the individual portions of the exam 
between the musicians and non-musicians in the research group. Clearly, students self-
reporting as musicians were not inequitably benefitted by mathematics instruction that 
utilized connections to music.  
       These visuals suggest that while the statistical tests did not identify any differences 
between these two subgroups, overall the non-musicians actually appear to have out-
performed the musicians with the exception of one participant that is increasing the mean 
of the musicians’ data. This furthers the conclusion that the MMMI’s success was not due 










Figure 17. Gains for musicians and non-musicians in the research group. 
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Qualitative Analysis for Research Question 1 
       Looking qualitatively at students’ answers on the posttest, a few major differences 
emerged between the two groups. In addition to the fact that students in the research 
group left significantly less of the posttest blank but rather were more likely to attempt 
the problems, the students in research group frequently showed more of their work and 
their work was more mathematically precise. The students from the research group used 
function notation more throughout the exam, they also did not demonstrate the confusion 
between composition of functions and inverse functions as the control group did. Last, 
they showed significantly more work on the mathematical applications. I use qualitative 




       For the control group, while many of the students used function notation throughout 
the exam, they primarily only used it for one or two of the questions. Twelve of the 
control students used function notation at some point on the exam but only three of the 12 
used it for more than two questions. However, every student from the research group 
used function notation on the exam, 13 of which did so on three or more problems. Figure 
18 documents a page from the research group demonstrating their use of function 
notation throughout while Figure 19 shows a student from the control group who only 
used function notation once. Note that both of these posttests contain mathematical 









Figure 19. Sample control group first page function notation. 





Inverse Functions and Composition of Functions 
       Figure 19 also demonstrates an interesting difference between the control group and 
the research group. The students in the control group occasionally confused inverse 
functions with compositions of functions as in question three of Figure 19. With three 
students approaching the problem using inverse functions and only two students using 
composition of functions, there were actually more students in the control group who 
incorrectly wrote something about inverse functions for this than who wrote something 
about composition of functions. The control group students seemed to have difficulty 
differentiating between these two topics; however, not a single student in the research 
group made this error. Even the students who did not receive full credit for the problem 
(like the research group student depicted in Figure 18) seemed to have a better 
understanding of what, in general, the question was asking and seemed to have a clearer 





       As the quantitative data clearly demonstrated, there were major differences between 
the students’ performances on the mathematical applications portion of the exam. What 
was interesting qualitatively was the sense of effort; many control group students left 
problems blank whereas research group students attempted and showed work for more of 
the problems. What was interesting was that even for the questions that students from 
both groups attempted, there were significant differences in what was written. Only three 
students in the research group wrote anything mathematical on the applications portion of 
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the exam. Several still wrote responses to certain questions, as in Figure 20, where there 
just wasn’t any mathematical work to support their answers. 
 
Figure 20. Sample non-mathematical response from control group. 
 
Of the students from the control group that did write anything mathematical, two of the 
three students only did so for one of the four questions. In contrast, the research group 
had twelve students that wrote something mathematical on the applications portion of the 
exam; of these twelve, only two had something for only one question, one had something 
written for two of the questions and the other nine had mathematical work for three or 
four of the questions. Figure 21 documents one of the few uses of written mathematics by 
someone in the control group while Figure 22 represents the typical amount of 
mathematical work written by a member of the research group. 





Figure 22. Mathematics used by research group. 
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Although Figure 22 is fairly typical of the research group, Figure 21 is actually the 
exception for the control group where the majority of tests were even less mathematical 
than this. These differences existed broadly across groups and suggest that the MMMI 
promoted a deeper mathematical understanding, and/or an apparent willingness to 
engage, than traditional instruction. 
 
Research Question 2 
 
  
How do students feel mathematically motivated music instruction provides the 
opportunity to problem solve and apply mathematical concepts in a way that changes 
their mathematics affect?  
       In order to answer the second research question, a questionnaire was distributed on 
the final day to both the control group and the research group. Both groups completed the 
same six-question questionnaire and the research group completed an additional three 
questions to supplement their data. 
       The responses to each of the common questions were coded when possible for 
similarities to determine the difference between the control and research group as well as 
to determine any effects caused by a change in instructor. The questions were then 




       The first and third question of the survey were related to students’ mathematical 
perception. Specifically, the students were asked questions regarding their view of 
mathematical applications prior to and after the study. Although there wasn’t enough 
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similarity in the exact phrasing of the student’s answers to sort them into meaningful 
codes, there were several types of responses that expressed ease and difficulty, others that 
expressed like and dislike and others still that expressed confidence. In general, both 
classes had relatively few people who expressed a liking for applications; more often 
responses were related to the students perceived ability even though the question asked 
about their feelings. Students in both groups said things like “I understand them” (Bill, 
Research Group) or “I understood most of what we were doing” (Melissa, Control 
Group). Some expressed their perceived lack of ability writing things like “Word 
problems and mathematical applications are usually hard for me” (Mary, Control Group) 
or “I did not feel very confident when solving word problems and mathematical 
applications” (Bobby, Research Group). Some students did talk more about liking or 
disliking applications writing things like “I liked them they challenged me and allowed 
for more thinking” (Blaire, Research Group) and “They alright” (Mason, Control Group).  
       These responses were compared to the responses to the third question which asked 
students about their feelings towards mathematical applications and word problems after 
the study in order to determine if there were any changes. Most of the students in both 
classes reported no change in their feelings. The few that wrote things other than “No” or 
“I feel the same,” for example, wrote again about ability. Only one student in the control 
group reported an improvement, writing, “Yes, I found out that if it is applied to real 
world things and broken down it was easier” (Martha, Control Group). Two of the 
students in the research group wrote things like “I think I learned the mathematical 
applications faster than usual” (Bella, Research Group) and “I thought the mathematics 
application are more realistic” (Benny, Research Group). Perhaps more interesting is that 
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there was only one student in the control group who mentioned being more confused than 
before while four students in the research group cited an increase in confusion writing 
things like “Confused on this unit” (Bill, Research Group). Despite the confusion these 
students still showed gains equal to or greater than the gains demonstrated by the student 
from the control group; the student who showed gains equal to the control group actually 
cited her absence rather than the content as her reason for confusion. Thus, it would seem 
that despite some struggle, this was productive and resulted in an increase of up to 50 
points for the research group on the applications portion of the exam.  
       Overall these two questions did not demonstrate a large growth in student’s feelings 
about mathematical applications but as the study was so short, a large change would have 
been surprising. The fact that even two out of 16 felt a positive impact from the MMMI 




       The next affect area addressed by the questionnaire data was self-efficacy. The 
students were first asked about their ability prior to the study. The majority of students in 
both the research group and the control group wrote something that was coded as GOOD. 
These answers looked like “I would say I’m fairly good at solving problems involving 
mathematics applications” (Madison, Control Group) and “I think I can solve problems 
involving mathematical applications pretty well” (Bella, Research Group). Responses 
that didn’t get categorized as GOOD were coded as either BAD or OTHER. The only two 
responses categorized as BAD mentioned difficulty and confusion. The five responses 
that were coded as OTHER were either vague, not mentioning specifically a good or bad 
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view of ability such as “I believe I have a different way of thinking and solving problems 
than taught in class” (Michael, Control Group) or “I am not the best at math, but being 
able to solve depends on the level of math and difficulty” (Brooke, Control Group). 
When asked the second question related to mathematical self-efficacy, students reflected 
on any changes they saw in their ability after the study. Half of the students in each group 
commented that there was no change in their ability as a result of the study. The other 
half of the responses, for the most part, mentioned either some improvement or some 
confusion and increased difficulty in almost equal numbers for each group. Again ,the 
students in the research group mentioning confusion were still much more likely to 
outperform the confused students from the control group. On average, the control group 
students who were confused saw a decrease of just over four percent on the applications 
portion from pretest to posttest as one student decreased and the other two did not 
demonstrate any increase; in the research group, the confused students averaged an 
increase of over 23%. Even for the students in each group that identified an improvement 
in their ability, the research group was quite different. The four students in the control 
group who reported an increase in their ability to solve applications only saw an increase 
of just over three percent from pretest to posttest on applications while the three students 
in the research group who said they saw some improvement in their ability saw an 
average increase just shy of 40%. These findings suggest that while students were making 
improvement they may not have always differentiated between struggling and failing to 
understand a topic. While the MMMI lessons were demanding compared to a typical 
mathematics class, with prolonged intervention students may start to recognize the 




       Perhaps the most interesting findings surrounding the questionnaire data involved 
students’ willingness to pursue mathematical applications moving forward. None of the 
students in either group said that the lessons were easier than their previous instruction 
and even though 11 of the research students said that the lessons were more difficult than 
previous instruction compared to eight from the control group, more of the research 
group students also reported an increased willingness moving forward.  
       When asked about the difficulty of the lessons, students wrote things like, “It feels 
harder because when would we even use these in real life applications/situation” 
(Michelle, Control Group) and “It made it harder for me to see what the question was 
asking and where to begin to solve this” (Becky, Research Group). The changes in 
willingness couldn’t be attributed to a decrease in difficulty based on the student 
responses to this question. In fact, when asked how the change in difficulty affected 
student’s mathematical perceptions 10 out of 16 of the control group said there was no 
change or wrote that the question was not applicable. The other six students all 
mentioned various reasons for feeling that the lessons made them think of mathematical 
applications as more difficult. In the research group the students who elaborated on the 
difficulty commented frequently on the difficulty involved in connecting the concepts. 
One student wrote “Well I have learned a lot of musical topics like domain and range of 
the notes, but I had trouble connecting it with the math” (Barbara, Research Group). The 
students in the control group mentioned different kinds of factors such as speed, writing, 
“It was a little harder because of the speed taken but didn’t change view” (Max, Control 
Group). These difficulties reflect differences in how the students perceived the 
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difficulties faced in the studies; the fact that the research students mentioned things like 
connection suggest that they weren’t dismissing the difficulty as something beyond their 
control but rather a factor that they may, with work, be able to overcome. In contrast, the 
control group placed blame on factors beyond their control, making it unlikely they 
would move past these difficulties over time. 
       In terms of willingness, there were only two students in the control group that had a 
positively coded response to this question. Neither of them explicitly stated an increased 
willingness but instead wrote, “I still dislike math but it helped me see how it fits into real 
world application” (Martha, Control Group) and “I don’t think it would be easy or 
fun, but I feel like it would be good to try” (Michelle, Control Group). The rest of the 
students in the control group had responses coded as no change writing things like “No 
because it was the pretty much the same as normal with a different teacher” (Michael, 
Control Group) and “Probably not because I feel there is a lot of math forced to learn 
even though a lot is not applicable” (Max, Control Group). Even the two students from 
the control group that were more willing only increased an average of 6.25 percent on 
applications from pretest to posttest. 
       For the research group, only five students reported no change in their willingness, 
while seven reported an increase in willingness with an additional two writing that they 
would be more willing if they could move to working with more non-music applications. 
Two students said that they were less willing due to the difficulty of the applications and 
the following confusion; however, these two students actually outperformed the two 
control group students that reported an increased willingness with an average 
improvement of 9.375 percent on applications. For the students who reported an 
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increased willingness they wrote things like “I never really thought about mathematics 
applications, but I guess now it does seem interesting. If I can find an easier, shorter way 
to solve a problem that is beneficial to all that would be awesome. So yes I am more 
willing to work on these in the future” (Bridget, Research Group), “Yes I do, because I 
learned how to do these math problems another way” (Brittany, Research Group) and “I 
wouldn’t mind working on other math work because now I can apply what I learned to 
new applications” (Bailey, Research Group). Even Benjamin, a student from the research 
group who showed the greatest improvement on both portions of the exam wrote “Not 
really since math had never really sparked my interest very much, however, with music in 
it it makes it more fun.” While Benjamin’s response was coded as no change in 
willingness he comments on a different change that suggests how MMMI may be able to 
reach students who were previously disengaged with mathematical content. 
       The additional portion of the questionnaire was given only to the students in the 
research group and was designed to gain a better understanding of how the music 
integration helped the students with specific topics from the unit. Eleven of the students 
said that they would recommend the lessons as a means of instruction; many of these 
responses specifically mentioned the benefit such lessons could have on musicians 
writing things like, “I would recommend it to musicians since I feel like if I didn’t know 
music it would be much harder, but I did like it” (Benjamin). In general, the topic 
students most frequently cited as an area of improvement was their understanding of 
domain and range. Eleven of the 16 students said that the MMMI helped them improve 
their understanding writing things like, “I did understand the definitions easier” (Bridget) 
and “Easier to understand at some points with the notes” (Brooke). In addition to the 
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claims that seeing the connections to music notes helped with their understanding of 
domain and range, another theme that arose from these supplemental questions was the 
value of the visual aspect music provided. Several responses mentioned things like 
“Helped me visualize it better” (Benjamin), and “For this section the music and 
translation helped because it acted like a diagram” (Bailey). Additional responses 
mentioned how the music concepts made the mathematical concepts easier to understand 
by giving them something concrete to relate the mathematics to. One student wrote, “The 
musical applications improved my understanding of composing functions, by tying music 
transposition/key signatures into the lesson” (Brenda) and “It was a little easier to make 
the connection of inverse from switching from note letter to number” (Betty). The use of 
music to teach the related mathematical ideas seemed to help some students better 
understand the mathematics in a way that they were able to identify and in a way that also 
the resulted in the significant increase in scores. The fact that students then also increased 
in their willingness to work with applications moving forward suggests that integrating 
additional content in the mathematical classroom doesn’t increase anxiety even though it 
increased difficulty. Had students become more anxious as a result of the integration, it is 
unlikely this increase would have been paired with a more positive attitude towards 













       In this chapter, I will begin by summarizing the conclusions from the data analyses 
for the first research question. I will look at the implications of both the quantitative and 
the qualitative analysis, highlighting the differences seen between groups. Then I will 
present the conclusions from the second research question, focusing on the fundamental 
differences between the groups’ responses to the questionnaire. After, I will provide 
recommendations for the field, including the need to continue studying Mathematically 
Motivated Music Instruction (MMMI) as part of a longer integrated study in order to 
determine the effects MMMI could have once students move beyond some of the initial 
difficulty. I will then summarize the limitations of this current study which will lead to 
my recommendations for future research. 
 
Research Question 1 
 
 
       The students in the research group showed significantly greater gains than the control 
group on the overall exam as well as on the application portion of the test. Their average 
gain was 23.8 percentage points higher than the gains for the control group on 
mathematical applications. While there was some disconnect between the students’ 
questionnaire data and their performance on the posttest, the results clearly demonstrate 
the potential value of MMMI. While ideally students would not only show improvement 
on actual scores, but would be able to recognize that improvement themselves, the fact 
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that the research group showed such drastic improvement compared to the control group 
helps answer the original research question regarding the value of MMMI in place of 
traditional instruction. Based on the independent sample t tests, the gains of the research 
group were significantly greater than the gains of the control group for both mathematical 
applications and for the overall exam. After ruling out gender as a factor influencing the 
differences in improvements, the research group’s improvement may reasonably be 
attributed to the MMMI. Both classes worked on application throughout the research 
period and the control group had applications as part of both their instruction and their 
homework assignments; however, these problems were not music themed. While the 
control group did see an increase in the average on the applications portion of the exam 
from pretest to posttest, these gains did not compare to the significant gains seen by the 
research group. This portion of the exam consisted of problems similar to those studied in 
class and in the homework by the control group more so than the research group. Given 
that these problems should have been at least as familiar to the students in the control 
group, it is possible that the relatively little improvement came from the lack of change in 
their view of applications rather than a lack of understanding of the lessons presented. 
       In fact, the difference in improvement from pretest to posttest demonstrated by the 
research and the control group on the purely mathematical portion of the exam, when 
analyzed using the independent sample t-tests, didn’t suggest a statistically significant 
difference in the improvement of the two groups, suggesting that the MMMI did prove to 
be at least as effective as traditional instruction but was not significantly better at 
teaching the standard content. In this area, it seems that MMMI is on par with but not 
necessarily superior to traditional instruction. While the students in the research group 
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didn’t show a statistically significant difference in improvement over their control group, 
their average on this section of the exam was still higher than the control group which 
does support the finding that the MMMI students were not disadvantaged in any way by 
the use of integrated instruction. The fact that the students showed such improvement 
contributes to the documented findings that integrated instruction is beneficial for 
students. Additionally, the fact that the groups were not statistically significantly different 
on their improvements in pure mathematics draws further attention to the fact that there 
were such differences on applications. 
       The difference between the performance of the research group and the control group 
on the applications portion of the exam yielded perhaps the most interesting and 
important results. As the independent sample t-test demonstrated, the use of standard 
mathematics lessons, even those accompanied by in class and homework problems 
involving various types of mathematics applications, failed to result in gains like those 
demonstrated by the research group on this portion of the exam. The statistically 
significant difference in improvement between groups that favored the MMMI 
demonstrated the superiority of this instructional approach. From this, it would seem that 
the MMMI had a powerful, positive impact on students’ performance on applications. 
None of the applications on the pretest-posttest were music related, rather they were 
similar to those covered in the notes and homework assignments used with the control 
group. It is interesting that not only did the scores for the research group reflect a great 
improvement in their performance on mathematical applications but also seemingly on 
the willingness to attempt these problems given that so many more of them had 
mathematical solutions compared to the many students in the control group who left the 
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problems blank. In the research group only four of the 16 students didn’t earn any credit 
on the applications portion of the posttest while in the control group 11 of the 16 students 
received a score of zero on the applications portion of the posttest. The number of 
students that completely skipped this portion of the exam was therefore much lower in 
the research group than the control group suggesting that the MMMI may have not only 
helped the students gain a better understanding of the content encountered in 
mathematical applications but it seems also to have affected their willingness to attempt 
these types of problems in the first place.  
       In addition to these quantitative differences, the contrast between the students’ work 
on mathematical applications problems reflects an increased willingness to solve 
application problems in the future which many of the research group mentioned in the 
questionnaire. The research group’s responses were very different from the control 
group’s work on both the problems portion and the applications portion of the exam. The 
lack of confusion between the topics of inverse functions and composition of functions, 
the more mathematical work on the applications portion of the exam, and the use of 
function notation all suggest that the students receiving the MMMI gained a deeper 
understanding of the mathematical content. Perhaps the presentation of the mathematics 
in the context of music helped highlight the mathematical notation in a way that differs 
from traditional instruction. Not all of what was studied in the research group was pure 
mathematics and therefore, the mathematical concepts may have stood out more to 
students helping them gain a better understanding of them. It is possible that the reason 
that the MMMI helped students with these three specific qualitative differences had 
something to do with the structure of the music and the finite set of musical notes studied. 
99 
 
Students may have seen a more obvious difference between what elements belonged in 
the domain and range of the musical function because of the use of note names as one of 
these sets. Furthermore, the students may have found themselves inadvertently paying 
closer attention to the function notation when it was visually different from how it had 
been studied previously (i.e. they had likely not looked at f(C) = 0 before). The deeper 
understanding of function notation that may have come from a more intentional use may 
also explain the differences seen relating to the confusion of the composition and inverse 
functions. As the research group demonstrated better fluency with function notation, this 
may in turn have led to better recognition of the difference between inverse and 
composition of functions as these rely heavily on function notation. In regards to the 
differences seen on the applications portion of the exam, there is less of an explanation as 
to why the music content may have led to such a difference other than the impact the 
study of music had on students’ affect. Whether or not they were aware of it, the music 
instruction seems to have led to an increased willingness to attempt mathematics 
applications specifically from a more mathematical starting point. It may be that the 
connections between the mathematics and the music were less obvious to the students 
and therefore required them to look deeper at an application problem (both musical and 
non-musical) to determine the related mathematical idea. This, in turn, may have then led 
to a more mathematical approach. 
       Originally, it was anticipated that the results might be due to the fact that the MMMI 
group simply saw more applications than the control group; however, due to a 
combination of over-planning and a disrupted school schedule during the research, many 
of the mathematical applications did not get studied in the research group. They spent the 
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majority of class time working through the music problems and music themed 
applications, with only an occasional additional non-music application. Additionally, 
while they ideally would have been practicing more applications by completing both 
homework assignments, homework completion was extremely low, with only five non-
music homework assignments being submitted over the course of the four days. Of those 
five, only two had attempted the non-musical applications. This seems to suggest that any 
gains seen by the research group cannot be attributed to simply increased practice. 
 
Research Question 2 
 
  
       The second research question also had some additional interesting results. Clearly, 
based on the actual test data, the students receiving MMMI demonstrated a more 
significant increase in performance and willingness to attempt mathematical applications; 
however, their questionnaire data was not as clear cut. Many of the students reported an 
increased difficulty in working through the MMMI and they all either didn’t recommend 
the use of MMMI in future classes or recommended that it be used while commenting on 
the value it may have with musicians in particular. One student, Bridget, with no musical 
background wrote, “I wouldn’t recommend them, unless there was a previous 
knowledge/understanding of music because needing to learn music and math all at once 
was tricky.” Another student, Benny, wrote, “If the people know music or if we had more 
time than I would.” Neither Benny nor Bridget had any musical background but both of 
their responses suggest the use of MMMI in a class that contained music students. In both 
cases the students cited the source of why they felt how they did, with Bridget citing the 
difficulty and Benny suggesting that the time was an important factor in his decision. 
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Both of these suggest that neither student felt that the music was not useful or was 
unnecessary but simply that it was more work and that this made it difficult. One student, 
Benjamin, who did have a musical background wrote, “I would recommend it to 
musicians since I feel like if I didn’t know music it would be much harder. But I did like 
it.” Another musician, Brenda, wrote, “I would recommend the use of lessons like these 
but only for musicians or people with a background in music, for while I understood the 
mathematics better through these lessons, my friends who are not musicians were mostly 
confused.” Both of these statements justify the confusion that they either saw or 
suspected from non-musicians in their class; despite this, many of these non-musicians 
ended up showing great improvement and many of them even reported that, despite the 
difficulty of learning music in addition to mathematics, they saw an improvement in their 
understanding and willingness to try applications. 
       Compared to the control group, a higher percentage of the students reported an 
increased willingness to work on applications in the future despite the fact that they 
began with slightly worse feelings about applications. Originally the control group had 
three people say they enjoyed word problems, seven said they disliked them and six gave 
other responses while in the research group only two students said they liked word 
problems, six said they disliked them and eight gave other responses. In addition to this, 
after the lessons only four of the students in the control group said they saw an 
improvement in their ability to solve applications, eight saw no difference, three were 
more confused and one gave an unrelated response. From the research group, only three 
students saw an improvement, eight saw no difference, four had confusion and one 
response was unrelated. Surprisingly, despite this, nine of the students in the research 
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group reported an increased willingness to work on applications, five felt the same and 
two felt less willing while in the control group only two students reported an increased 
willingness to work on applications and the remaining 14 students felt the same. It is 
interesting that there was such a dramatic increase in students’ willingness to solve 
applications despite no real difference in their opinion of their ability to solve them. 
       For the third question on the questionnaire, students were asked if they felt different 
towards solving mathematics applications; most of the students in the research group said 
that they didn’t feel any different towards the applications. However two students did 
comment on a change they experienced. Bella, a musician, wrote, “I think I learned the 
mathematical applications faster than usual,” while Brooke, a non-musician, wrote, “I 
thought that the mathematics applications are more realistic.” Both girls commented on 
the effect that the MMMI had on their feelings about applications overall, agreeing that 
the MMMI presented applications in a way that was more realistic or easier to 
understand. While they were the only two to comment on a change in their attitude 
towards mathematics applications, many of their classmates did express an increased 
willingness to try mathematics applications in the sixth question on the questionnaire. 
From the nine students in the class that said they were more willing to work on 
mathematical applications, Bridget, a non-musician, wrote “I never really thought about 
mathematics applications, but I guess now it does seem interesting. If I can find an easier, 
shorter way to solve a problem that is beneficial to all that would be awesome. So yes, I 
am more willing to work on these in the future.” Another student, Bella, a musician, 
wrote, “I like to learn math a traditional way like we usually do because I find it to be 
easiest and quickest, but if there are other applications that I were familiar with, I would 
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be willing to try to use them.” A third student, a non-musician, Bailey, wrote “I wouldn’t 
mind working on other math work because now I can apply what I learned to new 
applications.” While the students didn’t necessarily feel a greater sense of enjoyment or 
an increase in their attitude towards mathematics applications, many of them did feel that 
the MMMI opened their eyes to other potential connections mathematics may have and 
the value of these connections. 
       Bella’s response was particularly interesting given her responses to the fifth question 
on the questionnaire. Bella wrote, “I think that they were a bit more difficult since we had 
to first be introduced to, understand and become comfortable with how the notes and 
their corresponding number fit with each other.” Bella has studied music and so had more 
familiarity with the music portion of class than some of the other students but pointed out 
that the music theory being used wasn’t necessarily familiar to musicians, decreasing 
some of their advantage over non-musicians. Despite the fact that Bella thought these 
lessons were more difficult than their previous instruction, she went on to write the 
following in response to part b of question five: “I think that doing this over a longer 
amount of time or with people more experienced with music would allow it to become 
easier, faster.” Bella’s comments support what Benny and Bridget wrote regarding 
difficulty and time. These lessons were very different from what the students were used 
to, perhaps making them seem more difficult. However, given more time to acclimate to 
a different approach and to become comfortable with the basics of the music being used, 
it is possible that some of the students’ apprehensions would be alleviated. 
       While many of the non-musicians in the classroom commented on the difficulty of 
learning two new concepts at the same time, the musicians in the class seemed to have 
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positive reactions to the lessons. One student, Brenda, said “this is literally the best thing 
that has ever happened to me.” When writing about her experience she said, “I was able 
to use my knowledge of music to compare/solve functions, because of the insight that the 
lessons gave me which made it easier for me to complete these problems overall.” 
Another student, Benjamin, with musical experience explained why the MMMI did not 
increase his willingness to try mathematical applications, writing, “not really since math 
had never really sparked my interest very much, however, with music in it did make it 
more fun”. Interestingly, Benjamin showed one of the most drastic improvements from 
pretest to posttest scoring 68.75% higher on the posttest than on the pretest in the 
problems section and 62.5% higher on the applications. Benjamin had one of the largest 
increases out of all 32 students. While he may not have felt more willing to try 
applications, his posttest results certainly suggest otherwise. Aside from Benjamin’s 
improvement, the musicians did not show any great improvement over the non-musicians 
in the research group. It is possible that the music theory studied in the MMMI for this 
study was different than the study of music theory and performance the students were 
familiar with. As the MMMI lessons were built from advanced ideas of music theory and 
composition, it is possible that while these students were already familiar with the note 
names and musical staff, that may have been the extent of their advantage. 
       The control group presents an interesting contrast to the results from the research 
group. As noted they had almost no change from the pretest to posttest on the 
applications portion of the exam. This result doesn’t come from a lack of attention to the 
mathematics as these students did improve approximately the same as the research group 
on the other, pure mathematics section of the exam. Their lack of growth on the 
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applications portion is quite different from the research group’s results and similarly, 
their questionnaire data demonstrates a stark contrast to the responses from the research 
group. When reflecting on their willingness to try applications, only two students saw any 
change in their willingness to try. One student, Martha, wrote, “I still dislike math, but it 
helped me see how it fits into real world applications” while the other student, Michelle, 
wrote, “I don’t think it would be easy or fun, but I feel like it would be good to 
try.” Neither student expressed an overwhelming desire to try future applications but did 
at least demonstrate some change. The remaining 14 students all expressed a lack of 
change writing either “I hold the same level of willingness” or “No, math still stinks” or 
“No, I already liked math to start.” One student, Michael, wrote “No, because it was 
pretty much the same as normal with a different teacher.” 
       What makes all of these results particularly interesting is that the music group overall 
felt that their lessons were more difficult. Only eight of the students in the control group 
felt that the lessons were harder than with their normal teacher while eleven of the 
students in the research group felt they were more difficult. Interestingly, the cause of 
difficulty for each group was quite different. Many of the students in the control group 
cited speed and a change in teaching style as a source of difficulty, while the students in 
the research group said the difficulty primarily came from the need to learn two subjects 
at once in order to be successful. While the research group commented on the difficulty 
of learning two subjects, they did note how it could become easier over time. They 
seemed to recognize that the difficulty they were facing in the lessons was more 
noticeable because of how new much of the content was but that if this were their normal 
instruction, they would overcome that difficulty. Nothing along these was lines 
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mentioned by the control group when they discussed the difficulties they faced with the 
lessons; they seemed to view the difficulties as beyond their control. Overall, it seems 
that the research group was able to better handle the difficulty they faced and therefore 
ended up ahead. It is interesting that the control group felt the lessons were fast paced 
while the research group did not, given that they were covering the same mathematical 
concepts but the research group had to also get through all of the music content each day 
as well. The music group may have felt this way as the lessons were specifically designed 
around only a few major music ideas; rather than presenting the students with four 
isolated mathematics lessons where it may be difficult to draw connections, the MMMI 
may have felt more like one large topic covered over several days from several points of 
entry. This may have helped the students draw connections that took away the feeling of 
rushing through one topic per class. 
       When looking at how the students in the research group said they improved, it seems 
that domain and range saw one of the largest increases in understanding. Bridget wrote, 
“I did understand the definitions easier” while Benjamin wrote, “Music helped me 
understand how domain is x-values and range is y-values.” Many students wrote similar 
responses commenting on a better understanding of the definitions and how domain and 
range relate to one another. The use of note names and numbers to help students 
understand domain and range also came into play in their understanding of inverse 
functions. One student, a non-musician, Betty, wrote, “It was a little easier to make the 
connection of inverse from switching from note letter to number.” The visual difference 
between note names and numbers may suggest that students could benefit by starting 
with sets containing different kinds of elements when working to understand concepts 
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related to inverse, composition of functions, domain and range as it becomes clearer 
where each element belongs. 
       Overall, of the four topics covered, many students commented on the value of the 
visual aspect of the MMMI. When reflecting on improvement on operations of functions, 
Benjamin wrote that the MMMI “helped [him] visualize it better.” When discussing 
composition of functions, Bailey wrote, “for this section, the music and translations 
helped because it acted like a diagram.” It seems that the MMMI helped present an 
alternate way of approaching problems that benefitted various types of learners. 
 
Recommendations for the Field 
 
 
       As a result of this research, there are several recommendations for the field. First, it 
is recommended that high school mathematics teachers work to incorporate applications 
into the presentation of content rather than as a means of extending students 
understanding. The MMMI provided students with music-specific applications as a 
means of presenting content while the control group learned content first, followed by 
practice using these mathematical concepts for various applications. It is also 
recommended that teachers employ integrated instruction as a means of presenting these 
applications. While more difficult, this type of instruction has been shown to lead to some 
improvements on both content and affect. Additionally, it is recommended that high 
school music teachers work to relate their field to other content areas. Teachers should 
still teach music theory, composition and performance but should highlight the impact 
these have on other fields as well. Teachers that have similar mathematics and music 
training as the researcher could certainly work to continue the use of MMMI and study 
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the value of this kind of instruction. However, many mathematics teachers may not have 
a musical background just as many music teachers may not feel comfortable teaching 
mathematics concepts; ideally music and mathematics educators would work together to 
create a curriculum that allows each to continue to teach their own expertise while still 
providing students with the opportunity to study the concepts in an integrated way.  
       Additionally, the findings suggest investigating why students find a topic difficult. 
Many of the students, despite an increased difficulty or dislike for a topic saw an increase 
in their understanding of the concepts. Also, the questionnaire data revealed that the 
control group expressed difficulty related to speed and change in teaching style while the 
research group revealed that the difficulty came from an increased cognitive demand. 
Both of these difficulties are ones that, with time, could become comfortable. However, it 
is the increased cognitive demand that holds the potential to help improve students grit if 
they persevere through this difficulty. The results of the research group’s applications 
portion of the posttest suggest to teachers that resistance from students or parents based 
on difficulty or workload don’t necessarily mean they are unwilling or that they aren’t 
learning. 
       It is recommended that more research be done looking at the use of materials similar 
to the MMMI but with more instructional time. A longer study would help identify if 
willingness and performance increase more as students get past the initial difficulty of 
learning both music and mathematics in an integrated setting and really begin to build a 
base of music theory knowledge. If given more time I would recommend expanding the 
MMMI to include explicit ties to geometry while focusing on transformations of 
functions longer. With more time, it would be interesting to have students compose more, 
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graph their compositions, listen to their compositions, and perform transformations while 
studying the musical and mathematical effect of these movements; this type of extension 
would help highlight the domain and range that comes from these different sets as well as 





       As mentioned, the students in the control group would have seen fewer applications 
overall had the lessons been completed in full; however, due to the limited schedule, 
many of the common applications that the research group were supposed to look at had to 
be cut. As a result, they learned through the music applications as intended but did not get 
to look at many nonmusical applications throughout the study. More fidelity in 
implementing the materials as planned may have resulted in even further differences 
between the two groups; these changes, however, were unavoidable due to school 
scheduling changes.  
       First, this study was conducted over a relatively short period of time. The lessons, 
along with pretest and posttest only took six days. In terms of the control group, some of 
the students reported increased difficulty due to the change in learning style and speed of 
the lessons. If these students were under the instruction of the researcher for a more 
extended period of time perhaps they would have shown more growth. Additionally, 
because of the short time period, students that were absent even only once or twice had a 
difficult time catching up on content prior to the posttest. In terms of the research group, 
the length of the study limited the potential findings, as changes in affect are more likely 
to happen over a longer period of time. The students in the research group were also 
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particularly affected by any absences as they had missed content in both mathematics and 
music making the following day’s content more difficult. Regardless, the findings, even 
from such a short study, are hopeful as they indicate the positive potential of MMMI, 
especially with respect to applications. 
       Another limitation of the study is the amount of content covered. Over this four-day 
period of instruction the students were only able to cover four mathematical topics from 
two sections of their textbook. These sections were selected due to their natural 
connections to music which allowed them to be taught through an integrated approach. 
Not all content can be tied directly to music composition or music theory, as a result, it 
would be difficult to create an entire course that uses MMMI to teach all of the required 
mathematical content. More likely, a course could be created that uses MMMI whenever 
applicable but still supplements with either pure mathematical instruction or other 
applications whenever possible. 
       One uncontrollable factor of the study that limited the results was student 
participation in homework assignments and studying. As there was neither a reward for 
completing homework nor a punishment for not completing assignments and as the 
posttest was not counted as a grade for their classroom teacher, the students didn’t 
necessarily behave like they would have during normal instruction. While they were 
actively participating in the lessons, very few completed any of the homework. However, 
as this was the case for both the control group and the research group, this didn’t produce 
any inequity between groups. In a more typical class, students would have likely 
completed more of the homework and had both class time and time on their own to study 
and prepare for the exam. The frequency of zero for the pretest data meant that the scores 
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were not normally distributed and ANOVA, which would have been slightly more 
powerful than independent sample t tests, couldn’t be used. Thankfully, these limitations 
affected both groups equally so did not invalidate the study just limited the results.  
       This study was also limited by the fact that it was only tested in one suburban high 
school in New Jersey. Only 32 participants, 16 per group, completed the study, leading to 
the results. The entire study was under the instruction of the researcher which also limits 
the results. The researcher has in depth knowledge of both subjects as well as experience 
teaching at the school where the research took place. There may have been some 
improvement in both groups that resulted from a change in instruction, teaching style or 
teacher regardless of the study. As both groups were under the same original teacher and 
then taken over by the researcher, the effect should not have been meaningfully different 
between the groups. Finally, the students in the study were enrolled in a standard level 
Algebra II course. As it is unclear whether the results come from an increased 
understanding or an increased willingness, it cannot be assumed that the same results 
would hold for other groups of students. In particular it would be interesting to see if 
students in an advanced or honors or students in a more remedial track saw similar 
results. 
 
Recommendations for Further Research 
 
 
       When considering the potential impact of these results, if they could be duplicated, 
all of these limitations lead to suggestions for further study. Ideally, it would be 
beneficial if research was done looking at both a larger group with greater demographic 
variation and a longer time period. It would be worth investigating if a longer 
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intervention led to greater recognized differences in self-efficacy, mathematics 
perceptions and grit. Several interventions of different lengths, for example, a one-month 
study compared to a two-month study compared to a year-long study, could help 
determine at what point the MMMI becomes noticeably beneficial to the students. Given 
that so many students did not recognize the change in ability, it would be worth 
investigating how long it would take before they do. This would also allow for periodical 
measures of affect to determine how long students need in order to see measurable 
growth in each area. Studies could look at the use of lessons like MMMI with all levels of 
high school mathematics including Algebra I, Geometry, Algebra II, Precalculus and 
Calculus. Research could be done to determine more precisely where MMMI has the 
greatest potential to benefit both performance and affect by comparing groups varying 
from freshmen in entry level courses to seniors studying more advanced mathematics. 
Lessons like the MMMI could also be adapted to be used in a music classroom by music 
educators either with their own mathematics knowledge or with the support of a 
mathematics teacher.  
       Additional demographic differences could also be investigated. As with previous 
research, which demonstrated music lessons’ ability to bring students from lower income 
areas up to a level where they could perform at least we well as their wealthier 
counterparts, it would be worth investigating the use of MMMI as a way to reach students 
from a lower socio-economic status. 
       It would also be interesting to see if this type of study, when done over a longer 
period of time, would eventually become more comfortable for non-musicians as they 
built a basic understanding of the music theory to be used. Perhaps if they worked with 
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the content longer and became more comfortable with it, the perceived difficulty of 
learning two ideas at once would lessen and results would improve even more.  
       Potential studies may start at the beginning of the school year and investigate the 
impact of teaching MMMI throughout the course, utilizing music applications whenever 
possible. If further research is able to successfully demonstrate continued improvement in 
both mathematical performance and mathematical affect areas, it would be interesting to 
eliminate the control setting and instead assess the students using musical applications in 
addition to the non-music applications in order to begin to measure their growth in 
knowledge of music topics as well as mathematics. This could also be done in a music 
classroom by beginning to evaluate the growth on music topics first and then looking at 
the impact on mathematics performance. 
       Finally, it would be interesting to research the effect of MMMI on a class that 
consisted entirely of musicians; this could be either in a mathematics classroom or in a 
music classroom. As many of the students felt that this would be a good use for these 
lessons it would be worth researching the use of MMMI in a musician only mathematics 
class. It would be important to remember that musicians may not need a review of music 
topics such as note names but that not all students of music have studied music theory or 
composition. While the musicians may be more receptive to the integration of 
mathematics and music, they won’t necessarily come in with a significantly greater 
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MMMI Materials for Four Lessons 
 
Day 1 Notes:  
Music is composed from 12 different tones: 
C, C#, D, D# E, F, G, G#, A, A#, B, B# 
Some notes have what are called enharmonic equivalences. Enharmonic means having 
the same pitch in the tempered scale but written in different notation. 
 
Mathematically, enharmonic pitches can be thought of as mathematically equivalent 






All of these appear different but they actually all represent the same mathematical value.   
 
Think of the analogy,  
C# is to Db as ¼ is to .25 
 
Some composers and music theorists have created and used a function that allows them to 







We call the first set the Domain and the second set the Range. 
 










Domain can be thought of as the input of the function. What are we putting in? 
Range can be thought of as the output of the function. After considering what we’ve put 
in, what does it give us? 
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So, the 12 tones now with their enharmonic equivalents are: 
C, C#/Db, D, D#/Eb, E, F, F#/Gb, G, G#/Ab, A, A#/Bb, B 




So, where does the math come in? 
 
Mathematics and music have many natural links but we will look specifically at a method 
called the twelve-tone technique employed by composer Arnold Schoenberg.   
This technique was based on a one-to-one function that mapped elements of the domain 
(the 12 tones previously mentioned) onto elements of the range (the numbers 0 through 
11) 
Notationally, they used 0-11 instead of 1-12 but this method would still work, and to 
keep all elements of the range as single characters, the numbers 10 and 11 were 
represented t and e respectively. 
So, the function worked as follows (for ease of notation and purposes of simplification 
we will work only with the sharps and allow these note names to represent both notes): 
 
 
What makes this a function? 
What is the domain of this function? 
What is the range of this function? 
C D E F G   
A

















Recall that function notation works as follows: 
Consider the function: 
g (x) = 4x + 5 














Function notation gives us an x-value, and asks for a specific y value. For example,  
 
Find g(2).  
 
Going back to the mapping of music notes, what is meant by f(C#)? What does it equal? 
 
We can also consider the domain and range of a relation expressed as a coordinate pair: 
For example, find the domain and range for each of the following: 
 








Musically, we can consider restrictions on the domain and range based on what does (and 
does not) make sense in the music context. 
 
For example,  
 
What is f(Q#)? 
 
 





When we cannot put a value into a function, it is not part of our domain. Similarly, when 
we cannot get a value out of our function, it is not part of our range. In the music context, 
there is no input of Q#, and there is no output value of 15. These are obviously not the 
only input and output values that cannot be part of this function they are just examples of 
restrictions to our domain and range. 
 
In a more mathematical setting, restrictions to our domain typically come from values 
that cause issues for functions such as division by zero or the square root of negative 
values. When we would get undefined or non-real solutions we have restrictions on our 
domain. Range restrictions can be more difficult because they are sometimes, but not 
always, associated with restrictions on our domain. For example, consider the function y 
= x2. This function has no restriction on the domain; consider squaring, there is no 
number that cannot be squared. On the other hand, there are numbers that do not equal 
the square of a number anywhere in the set of real numbers. For example, no real 
number, when squared, equals a negative number. Therefore, the range of this function 
cannot include negative values even though there is no restriction on the domain. 
Now consider the function y = 1/x. For this function, x can be anything except zero as this 
would give us an undefined fraction. Because x cannot ever equal zero, the entire fraction 
will never equal zero because there is no number that we can divide one by that makes it 
equal zero. In this case the restriction on the range is related to the restriction on the 
domain. 
 
Small group practice problems: 
 
For each of the following, identify the domain and range: 
 













4.  Create a mapping using numbers that violates the rules of functions.  Then create a 







For each tune below, use the guide to find the note name.  Then identify the domain (the 

















































































Day 1 Homework Supplement (Used in addition to text book problems): 
Use the guide from today’s class notes to answer the following questions. 
 
Evaluate each of the following: 
 












4.  Rewrite the following tune using numbers.  Identify the domain (the notes in this 



























Day 2 Notes: 
Often times, music gets transposed to make it easier for different singers and instruments 
to play.  Transposing music is like a translation in geometry.  It preserves the distances 
between the notes but moves them to a new position. 
 
When this happens, we are adding or subtracting the same value from each of the notes.   
This is like adding or subtracting a constant from a function. 
Compare the two versions of Ode to Joy. Represent the change from the first melody to 










For example, if f(x) = 3x + 4, and g(x) = 2, then if these functions are added together, g(x) 
increases the output values of f (x) by 2. 
 
Functions can be operated on even when they aren’t constants.  The can be added, 
subtracted, multiplied and divided.  When we do this, we have to check for any changes 
to the domain and range. 
 
Subtract melody 2 from melody 1.  Represent this using function notation.  Write your 
answer using numbers and notes.  What is the domain and range of this new tune? Does it 








Still using Melody 1 as f(x) and Melody 2 as g(x), find (f • g)(x) and (f / g)(x) if they exist.  










































1. For the functions below, find each of the following, (f + g)(x), (f   g)(x),





(x). Indicate any restrictions on the domain and range.
a. f(x) = x+ 1, g(x) = x+ 3
b. f(x) = x2, g(x) = x  2
2. In a particular country, the population of the two larges cities can be
modeled by f(x) = 200x+ 25 and g(x) = 175x  15, where x is the number
of years since 2000 and the population is in thousands.
a. What is the population of the two cities combined after any number of
years?
b. What is the di↵erence in the populations of the two cities?































4. Abby makes $9.00 per hour working at her job. She also makes an average
of $16.00 per work day (8 hours) in tips. Write a function that represents
her overall pay per hour.
5. Compose a tune that is at least 8 notes long and write it in both numbers
and note names. Transpose your tune up or down by any given amount of
your choice. Again show this to both the numbers and the notes. Represent
the relationship between the two tunes using functions. Find the sum,
di↵erence, product and quotient of the functions if they exist. Identify the
domain and range. What do these operations do to the tune?
6. In Arnold Shoenberg’s twelve-tone method he created his twelve-tone row
which he transposed to every other starting note, creating a matrix. Below
is the matrix for the scale of the 12 tones in order.
a. Represent the fifth row as an operation on the second row.
b. How do the columns of the matrix relate to one another?
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Day 2 Homework Supplement (Used in addition to textbook problems): 























1. Represent the change (letting each semitone be 1) between the following
pairs of melodies.
a. Melody 1: f(x) and Melody 2: g(x). Write g(x) in terms of f(x).
b. Melody 1: f(x) and Melody 3: h(x). Write f(x) in terms of h(x).
2. Rewrite Melody 1 (f(x)) and Melody 2 (g(x)) in numerical form (i.e.
using C=0 etc.). Identify the domain and the range of f(x) and g(x). Find




Day 3 Notes: 
When employing the twelve-tone composition method there are multiple steps that must 
happen.  Notes must first become numbers which then get transposed in the matrix.   
 
Take for example the twelve-tone row: C, F#, G, E, D#, G#, A, D, B, A#, C#, F 
The function f (our basic function for mapping tones to numbers) maps these notes to the 
range elements: 0, 6, 7, 4, 3, 8, 9, 2, 11, 10, 1, 5. 
A new function g(x) might be a simple translation such as g(x) = x + 2.  This would take 
our row:  
0, 6, 7, 4, 3, 8, 9, 2, 11, 10, 1, 5, and make it 2, 8, 9, 6, 5, 10, 11, 4, 1, 0, 3, 7 (working to 
keep all numbers between 0 and 11).  This whole process could be modeled by the 
composition of functions: g(f(x)).  First a value is put into f, then the output is put into g 
as a new input value. 
 
Notice that while the function g(x) = x + 2 has a domain and range of all real numbers, 
when it is part of this composition it has a finite domain and range of {0, 1, 2, 3, 4, 5, 6, 





Take the introductory melody to Beethoven’s Fur Elise and rewrite it using numbers.  
Transpose it up 4 semitones.  Then transpose the new values down 6 semitones.  
Represent the overall process as a composition of functions.  Write out you work using 
coordinate pairs to represent each application of a new function.  How could this process 
















When there are multiple steps from our starting domain element to our final range 




Take the tune for Bach’s Minuet in G and double each note (then subtract 12 until it gives 
you a number between 0 and 11).  Then transpose the tune up three semitones.  Represent 
this as a composition of functions.  You can work with the numbers or the musical notes 
but your final work should include both the resulting numerical representation and the 
resulting tune on a staff. 
    


































1. For each pair of functions, find f   g and g   f , if they exist. State the
domain and range for each composed function.
f = {(2, 5), (6, 10), (12, 9), (7, 6)}
g = {(9, 11), (6, 15), (10, 13), (5, 8)}
f = {( 5, 4), (14, 8), (12, 1), (0, 3)}


































2. Find [f   g](x) and [g   f ](x), if they exist. State the domain and range
for each composed function.
a. f(x) = x  4
g(x) = x2   10
b. f(x) = x2 + 3x+ 1
g(x) = x2
3. Dora has 8% of her earning deducted from her paycheck for a college
savings plan. She can choose to take the deduction either before taxes are
withheld, which reduces her taxable income or after taxes are withheld.
Dora’s tax rate is 17.5%. If her pay before taxes and deductions is $950,
will she save more money if the deductions are taken before or after taxes
are withheld? How much?
4. Write a tune (at least 8 notes) in note names (i.e. C, C#, D etc.). Rewrite
your tune using numbers. Then perform at least one translations of your




Day 3 Homework Supplement (Used in Addition to Control Group Assignment on 
Composition of Functions in Appendix B): 
1.  Composer Alberto Ginastera once used the tone row: 0, 1, 7, 6, 8, 9, 3, 2, 4, 5, 11, 10. 
To compute an inversion of a row, subtract each number from 12 (and put the answer 
between 0 and 11.) For mathematical simplicity, just call this function, g(x) = 12 – x. 
For example, Ginastera’s row would be: 
12 – 0 = 12 which we call 0 (since 12 would also be C) 
12 – 1 = 11 
12 – 7 = 5 
12 – 6 = 6 
12 – 8 = 4 
12 – 9 = 3 
12 – 3 = 9 
12 – 2 = 10 
12 – 4 = 8 
12 – 5 = 7 
12 – 11 = 1 
12 – 10 = 2 
 
The inversion: 0, 11, 5, 6, 4, 3, 9, 10, 8, 7, 1, 2 gives us the first column of the matrix 
(meaning it tells us where to translate for each row) 
 
In this case the second row starts with an 11 so the original tone row would get translate 
by 11 semitones.  We can also translate the columns to get the other columns in the 










2.  Given the composition h(x) = g (f (x)) where f (x) maps notes to numbers and g(x) = x – 
3, find h(G#) = g (f (G#)) and explain what it means. 
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Day 4 Notes: 
The “Second Viennese School” was a group of composers the most prominent of which 
were Schoenberg and his students Berg and Webern.  These three members often began 
with tone rows that were manipulated throughout their works.  There was a need to go 
backwards from numbers to note names.  This process obviously wasn’t arbitrary but 
depended on the original function, which we have been using.  As a result, it is 
considered the inverse function of f, notated f –1 which visually links the two functions 
together.  The goal of an inverse is to “undo” what the original function has done.  So, 
since our function turned note names into numbers, the inverse turns the numbers back 
into note names.  This inverse allowed composers to work with numbers but then end 
with music on a staff which could be performed. 
 
Example: Write the notes associated with the tune: 0, 0, 2, 3, 7, 5, 9, 5, 7, 4, 0, 0.  Then 




Our original function f took the elements: x = {C, C#, D, D#, E, F, F#, G, G#, A, A#, B} 
and mapped them to y = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}.  For f –1, explain how the 
domain and range relate to the domain and range of f. 
 
By definition, the composition of a function and its inverse must give back the original 
domain element: f (f –1(x)) = x and f –1(f (x)) = x. 
 




Consider the function that transposes a piece from D major to F major.  What does this 







Small Group Practice. 
1.  Find the inverse of the relation below: 





2.  Find the inverse of the functions below: 




3.  There are approximately 1.852 kilometers in a nautical mile. 
a.  Write a function that converts nautical miles to kilometers. 
b.  Find the inverse of the function that converts kilometers back to nautical miles. 












Write a short piece (at least 8 notes), then give your piece to a second member of your 
group.   
 
 
Here, translate the piece you were given, either up or down and write the translation as a 




In this space perform the inversion used in the tone matrix (from last night’s homework) 






Translate the new piece up or down and write the translation as a function, then give the 






Write the composition of functions that has occurred to the original piece.  Then find an 




Day 4 Homework Supplement (Used in Addition to Control Group Homework on 
Inverse Functions in Appendix B) 







2.  If f maps note names to numbers and f –1 maps numbers back to note names explain 








3.  If a piece was transposed from C major to G major, represent this function 








4.  Look back at the inverted transposition found in the fifth row of Ginastera’s matrix. 
 
 
Describe what would have to happen to undo the transposed inversion.  Does it matter 









Control Group Materials for Four Lessons 
 

































We can perform operations on functions to create new functions. We often
perform addition, subtraction, multiplication and division of functions. When
we do this, we have to consider the possible changes to the domain (input
values) and range (output values) of our function. For example, f(x) = 2x+1
has a domain and range of all real numbers and g(x) = x2 has a domain
of all real numbers and a range of [0,1). (f + g)(x) has a domain of all real
numbers and a range of [0,1) but (f g)(x) has a domain of all real numbers
and a range of ( 1, 2].
Today we will focus on the operations, tomorrow we will focus on the domain
and range.
Given f(x) = x2   4 and g(x) = 2x+ 1, find each of the following.
a. (f + g)(x)
b. (f   g)(x)
Given f(x) = x2 + 7x+ 12 and g(x) = 3x  4, find each function.




















































Given f(x) = x2 + 5x  2 and g(x) = 3x  2, find each function.
a. (f + g)(x)
b. (f   g)(x)
If f(x) = x2 6x+5 and g(x) = x 5, find each of the following operations.
a. (f + g)(x)
b. (f   g)(x)














































1. For the functions below, find each of the following, (f + g)(x), (f   g)(x),






a. f(x) = x+ 1, g(x) = x+ 3
b. f(x) = x2, g(x) = x  2
2. In a particular country, the population of the two larges cities can be
modeled by f(x) = 200x+ 25 and g(x) = 175x  15, where x is the number
of years since 2000 and the population is in thousands.
a. What is the population of the two cities combined after any number of
years?
b. What is the di↵erence in the populations of the two cities?
3. Abby makes $9.00 per hour working at her job. She also makes an average
of $16.00 per work day (8 hours) in tips. Write a function that represents













































Given f(x) = x2 4 and g(x) = 2x+1, use the functions we found yesterday.
Indicate any restrictions to the domain and range.
a. (f + g)(x)
b. (f   g)(x)
Given f(x) = x2 + 7x+ 12 and g(x) = 3x  4, use the functions we found
yesterday to identify any restrictions to the domain and range.







Given f(x) = x2 + 5x  2 and g(x) = 3x  2, use the functions we found
yesterday to identify any restrictions to the domain and range.
a. (f + g)(x)















































If f(x) = x2   6x+ 5 and g(x) = x  5, use the operations from yesterday
to find the domain and range.
a. (f + g)(x)
b. (f   g)(x)




















































For each of the following, identify the domain and range:
1. y = x+ 3
2. y = x+ 3
3. {(2, –1), (–3, 6), (4, –5), (7, 0)}
4. Create a mapping using numbers that violates the rules of functions.





(x) is defined for all values
of x.
6. For the functions below, use what we found yesterday for (f + g)(x),





(x), to find the domain and range.
a. f(x) = x+ 1, g(x) = x+ 3
b. f(x) = x2, g(x) = x  2
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The vertices of4ABC can be represented by the relation {(1, 2), (2, 5), (4, 1)}.




































To find an inverse, we flip the positions of x and y and then solve for y. Find
the inverse of the function and graph both the original and the inverse.
f(x) = 2x  5
Find the inverse of the function and graph both the original and the inverse.
f(x) = x2 + 1
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(x) and identify any restrictions
to the domain and range.
1.
f(x) = 3x+ 5
g(x) = 7
2.
f(x) = x2 + 7x+ 12
g(x) = x2   9
Find the inverse of each function or relation.













































4. y = 2x+ 1
5. y = 3x 1 + 2
6. Determine whether the pair of functions are inverse functions.
f(x) =  4x+ 1
g(x) = 14 (1  x)
7. A formula for converting inches to centimeters is f(x) = 2.54x.
a. Find the inverse f 1(x). Show that f(x) and f 1(x) are inverses.
b. Explain what purpose f 1(x) serves.
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For each pair of functions find [f   g](x) and [g   f ](x), if they exist. State
the domain and range for each composed function.
a. f = {(1, 8), (0, 13), (15, 11), (14, 9)}, g = {(8, 15), (5, 1), (10, 14), (9, 0)}
b. f(x) = 2x  5, g(x) = 4x
We can use composition of functions to find and verify inverses because:
Find the inverse and verify using composition of functions:







































1. For each pair of functions, find f   g and g   f , if they exist. State the
domain and range for each composed function.
f = {(2, 5), (6, 10), (12, 9), (7, 6)}
g = {(9, 11), (6, 15), (10, 13), (5, 8)}
f = {( 5, 4), (14, 8), (12, 1), (0, 3)}
g = {( 2, 4), ( 3, 2), ( 1, 4), (5, 6)}
2. Find [f   g](x) and [g   f ](x), if they exist. State the domain and range
for each composed function.
a. f(x) = x  4
g(x) = x2   10







































3. Dora has 8% of her earning deducted from her paycheck for a college
savings plan. She can choose to take the deduction either before taxes are
withheld, which reduces her taxable income or after taxes are withheld.
Dora’s tax rate is 17.5%. If her pay before taxes and deductions is $950,
will she save more money if the deductions are taken before or after taxes
are withheld? How much?
4. There are approximately 1.852 kilometers in a nautical mile.
a. Write a function that converts nautical miles to kilometers.
b. Find the inverse of the function that converts kilometers back to nautical
miles.














































Find f   g and g   f , if they exist.
1.
f = {( 4, 5), (0, 3), (1, 6)}
g = {(6, 1), ( 5, 0), (3, 4)}
2.
f = {(0, 3), (1, 3), (6, 8)}
g = {(8, 2), ( 3, 0), ( 3, 1)}
3.
f(x) = 3x
g(x) = x  4
For f(x) = x2, g(x) = 5x, and h(x) = x+ 4, find each value.
4. f(g(2))







































7. The number N of bacteria in a refrigerated food is given by
N(T ) = 20T 2–80T + 500, 2  T  14 where T is the temperature of the
food in degrees Celsius. When the food is removed from refrigeration, the
temperature of the food is given by T (t) = 4t+ 2, 0  t  3 where t is the
time (in hours).
a. Find the composition N(T (t)) and interpret its meaning in context.














































Answer each question to the best of your ability.





(x). Indicate any restrictions
in domain or range.
b. f(x) = 1x , g(x) = x+ 2





(x) given f(x) = x+ 3 and g(x) =
p
x  1.
3. For the pair of functions, find f   g and g   f , if they exist. State the
domain and range.
f = ( 4, 14), (0, 6), ( 6, 18), (2, 2)
g = ( 6, 1), ( 18, 13), ( 14, 9), ( 2, 3)













































4. If f(x) = x+ 2, g(x) =  4x+ 3 and h(x) = x2   2x+ 1, find each value.
a. [(f + g) · h](1)
b. [h   (f   g)](5)
5. Write two functions f(x) and g(x) such that (f   g)(4) = 0.
6. Find the inverse of the relation.{(1, 5), (2, 6), (3, 7), (4, 8), (5, 9)}
7. Find the inverse of the following function:
f(x) = 3x 4 + 2
8. Determine whether the pair of functions are inverse functions.

































1. One dollar is currently worth .85 Euro. When you convert money there
is often a fee to use a foreign ATM. This fee is sometimes a percent like
1.87%. There is often an additional ATM fee of about $4.00. How much is
one dollar really worth in euro? How much is one euro really worth in
dollars? Model the situation using functions.
2. A new car dealer is discounting all new cars by 12%. At the same time
the manufacturer is o↵ering a $1500 rebate on all new cars. Mr. Navarro is
buying a car that is priced $24,500. Write equations to model both situa-
tions: The discount is applied and then the rebate; The rebate is applied
and then the discount. Will the final price be lower if the discount is applied
before or after the rebate? Find both prices.
3. The average miles traveled for every gallon of gas consumed by Leroy’s
car is represented by the function m(g) = 28g. If gas costs $2.95 write
an equation in function notation for the cost per gallon, c(g). Use inverses
to determine the function used to represent the cost per mile traveled in
Leroy’s car.
4. A formula for converting degrees Celsius to Fahrenheit is F (x) = 95x+32.
a. Find the inverse F 1(x). Show that F (x) and F 1(x) are inverses.





Common Portion of Questionnaire 
 
Name: ________________________ 
Please answer each question as completely as possible. 
 
1. Excluding the past few days of class, how would you describe your feelings about 










2.  Excluding the past few days of class, how would you describe your ability to solve 











3.  After the last few days of class, do you think you experienced any change in your 















5.  a.  Do you feel that the applications studied in the last few lessons were at the same 






b.  If you said that the lessons were easier/more difficult than previous instruction, 
describe if  












6.  After the last few lessons do you feel more willing to work on mathematics 







































7.  Would you recommend the use of lessons like you received these last few days in 







8.  In what ways (if any) did these lessons improve your understanding of the following 
topics.  Describe the kinds of insight you gained about these mathematical ideas from 
studying the musical applications. 
 
























9. Have you ever studied music before? (Do you consider yourself a musician?) 
 
